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Preface 



This set of notes is a written version of a Mini-Course given in September 2008 while I was 

visiting for two weeks the Institute dc Matematica e Estatistica (IME-USP) of the Sao Paulo 
University, Brasil. The course of eight hours was designed for undergraduate and graduate students 
in Mathematics. Background knowledge of differential geometry of curves and surfaces will be 
assumed, basically as in Do Carmo's textbook. 

This Mini-Course gives an introduction to classical differential geometry of curves and surfaces in 
Lorentz-Minkowski space E^. In the case of surfaces, wc will study spacelike surfaces, specially 
with the assumption that its mean curvature is constant. Throughout the lectures, we will compare 
the results and techniques with those ones in Euclidean ambient space. 

The topics that this Mini-Course covers will be self-contained, in such way the each chapter tries 
to use the material of the previous ones. We begin in Chapter 1 with an introduction to the 
metric space of Lorentz-Minkowski space with some details on the isometrics of this space. The 
second chapter is devoted to develop the Frenet equations for curves in EJ. This part follows the 
Euclidean notions, such as, planar curves with constant curvature, helices and Bertrand curves. 

In Chapter 3 we begin with the study of surfaces in Ef and we pay special attention on spacelike 
surfaces. We give the notion of mean curvature and we find all umbilical surfaces in E^. In Chapter 
4 we characterize spacelike surfaces with constant mean curvature as solutions of a variational 
problem. Moreover, we give the maximum principle for this kind of surfaces, which will be used in 
Chapter 5 to study the shape of a spacelike compact surface with constant mean curvature. We give 
the basic tools to solve the Dirichlet problem and we compare the solvability with what happens 
in Euclidean space. Finally, Chapter 6 is devoted to study spacelike surfaces with constant mean 
curvature and foliated by circles. We show the Lorentzian catenoid as well as the corresponding 
Riemann examples for the Lorentzian space. 

A final remark. The reader can find lacks in the topics that cover these lectures. However, our 
plan was to write the Mini-Course and we do not expect to realize a (definitive) text of differential 
geometry in Minkowski space. Also, he will find typographic errors and an English wording not so 
polished. Anyway, the author of this text will thank any suggestion to improve this version (e-mail 
address: rcamino@ugr.es). There is a Spanish version of these notes upon request. 
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Chapter 1 



The Lorentz-Minkowski space 



1.1 Basic definitions 

Let be the real vector space with its usual vector structure. Denote hy B = {Ei,E2,Es} the 
usual base of R"^, that is, 

^1 = (1,0,0), £;2 = (0,1,0), i;3 = (0,0,1). 

We will use {x, y, z) or (xi, 2:2, 2:3) to denote the coordinates of a vector with respect to B. We also 
consider in M'^ its affine structure, and we will say "horizontal" or "vertical" in its usual sense. 

If {ei, . . . , Cto} is a finite set of vector, we denote by < ei, . . . , > the vector subspace spanning 
by their linear combinations, that is, < ei, . . . , >= {X^ K,l < i < m}. 

Definition 1.1.1. The Lorentz-Minkowski space is the metric space = (]R^,(,)), where the 
metric {,) is given by 

{U, V) = UiVi + U2V2 - U3V3, U = {ui,U2, U3),V = {vi,V2, V3). 

The metric {,) is called the Lorentzian metric^. 

We remark that (,) is a non-degenerate metric of index 1. We also call E^^ as Minkowski space, 
and (, ) as the Minkowski metric. We also write 

1 

{u,v) = tt* I 1 \v := u^Gv. 
0-1 

The vector space also supports the Euclidean metric, which will be denoted in this text by 
We write E"^ the metric space (R"^, (,)g) to distinguish from the Lorentz-Minkowski space^. 



^In the literature, Minkowski space is sometimes denoted by L"^. Also it appears the metric defined as 
{{uo,ui,U2),{vo,v\,V2)) = —novo + uivi + U2V2, and the index o means the place where the minus sign lies 
in the metric 

^Now, the index 1 in the symbol Ef has its sense by meaning that the metric has index 1 
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A great number of the next definitions and results can generalize in higher dimensions, that is, to 
the space E" = (M", (, )), with the usual Lorcntzian metric. 

If we consider an orthonormal base B — {61,62,63}, that is, a base where the metric diagonalizes 
with 1 and —1, we always arrange in such way that the matricial expression of the metric is 
diag [1, 1 — 1]. In general, for a given base B, we denote the metric coefficients by gij = {ei,ej). 

Definition 1.1.2. A vector v ^ is called 

1. spacelike if (u, v) > Q or v = 0, 

2. timelike if {v,v) < and 

3. lightlike if {v,v) =0 and v ^0. 

We point out that the null vector u = is considered of spacelike type although it satisfies (v, v) — 0. 
The light-cone of is defined as the set of all lightlike vectors of EJ, that is, 
C = {(x, V, z) G E?; ^2 + y2 _ ^2 ^ o| _ 0^ 

See figure 1.1. The set of timelike vectors will be denote by T and it is the following set: 

T = {{x,y,z) e-El-x" + - <Q}. 



z 

T 




Figure 1.1: The causal character in Minkowski space. 

Given ?7 C K"^ a vector subspace, we consider on U the induced metric (, );7: 

{u,v)u — {u,v), u,veU. 

From now, we drop the subindex jj. The subspace U is called spacelike (resp. timelike of lightlike) 
if the induced metric is positive definite (resp. non-degenerate of index 1, degenerate and U ^ {0}). 

The causal character of a vector or a subspace is the property to be spacelike, timelike or lightlike. 
Any subspace belongs to one of the above three kinds. 

Examples. 
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1. The vectors Ei and E2 are spacelike; the vector E3 is timehke; the vector E2 + E3 is lightlike. 

2. The plane < E\,E2 > is spacelike; the planes < Ei, Es > and < -£2,-^3 > are timelike; the 
plane < Ei, E2 + E3 > is hghtUke. 

3. The vector Ei + E2+ E3 is spacelike but the plane < Ei, Ei + E2 + E3 > is lightlike. 

4. The vector E2 + E3 is lightlike, but the plane < £'2 + -B3, £^3 > is timelike. 

Let us recall some facts that happen in a metric space (y,g) with a non-degenerate metric. As 
usually, IJ-^ denotes the orthogonal subspace to U, that is, IJ-^ = {v G V,g{u,v) = 0,Vu e U}. 

Lemma 1.1.3. Let {V,g) be a metric space where g is a non-degenerate metric. 

1. If U C V is a subspace. then dim{U'^) = dim{V) — dim(U). 

2. IfUcVisa subspace, then (U^)-^ = U . 

3. IfUcVisa non-degenerate subspace, then Lf-^ is a non- degenerate subspace too. 
Proof: 

1. Let {ei, . . . , em} a base of U and we extend it until to be a base B = {ei, . . . , e„} of V. If 
u = ajjCj e f/""", then 

n n 

= XiCi, Cj) = ^ gjiXi = 0, l<j<m. 

i=l i=l 

In a matricial expression, these m-equations write as 

gii ■ ■ ■ gin ^ I ^ 

9ml • • • 9mn 



\ Xn ) V 



or AX = 0, and A = {gij)mxn- The range of A is m because there is a sub-matrix with range 
exactly n (this is due to the non-degeneracy of the metric). As consequence, the solutions of 
AX = generate an — m-dimensional subspace. 

2. Since (U^)^ C U, the result follows from dim{U^)^ = dim{U). 

3. Let B = {ei, . . . , 6^} be an orthonormal base of U , that is, the matrix of the metric g\u is 
diagonal with only 1 and —1. We extend the base to get an orthonormal base of V, namely, 
B = {ei, . . . , e„}. Since 6.im.{U-^) = n — m, then {em+i, ■ ■ ■ , en} is a base of f/-*- and this 
ends the proof. 

□ 

We now give characterizations of subspaces depending on its causal character. 

Proposition 1.1.4. 1. Let v € I^. Then v is a timelike vector if and only if < v >-*- is 
spacelike and so, £^ =< v > (B < v >-*-. For spacelike vectors, we have: v is spacelike if and 
only if < V >-"- is timelike. 
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2. Let U CV be a subspace. Then U is spacelike if and only if IJ-^ is timelike. 

3. IfU is a subspace, then U is lightlike if and only if U-^ is lightlike too. 

Proof: 

1. If w is a timclikc vector, and by multiplying by a number if it is necessary, we put v as a 
part of an orthonormal base of EJ, B = {ei, 62, v}. Then < v >^—< ei, 62 >, which it is a 
spacelike subspace. For the converse, let {61,62} be a orthonormal base of < v where 
(, )|<t,>i is a positive definite metric. Then {61, 62, v} is a base where diagonalizes the metric. 
As gii ~ 922 = 1, then 933 < 0, that is, u is a timclikc vector. 

2. If [/ is a timelike subspace, let v & U he a, timelike vector. Then [/-"- C< v As < f >-"- is 
spacelike, then IJ-^ is spacelike. The converse is analogous, together the fact that (J7 "'")"'" = U. 

3. This item is a consequence of the above two ones. 

□ 

For the usual sense that one has of Euclidean space E^, Lorentz-Minkowski space presents us as 
some " strange" due to the existence of timelike vectors and mainly, by the fact of lightlike vectors, 
that is, vectors whose product by itself vanishes'^. We now study properties of lightlike vectors. 

Proposition 1.1.5. 1. If u and v are two lightlike vectors, then they are dependent linear if 
and only {u, v) = 0. 

2. Ifu and v are two timelike or lightlike vectors with {u,v) = 0, then they are lightlike vectors. 

3. IfU is a lightlike subspace, then dim{U (1 IJ-^) = 1. 

Proof: 

1. If u and V arc proportional, then they are orthogonal. Now, we suppose that they are 
orthogonal. In the decomposition E^ =< >-"- © < E3 >, we write u = x + w and 
V = y + w: we assume that the vector w is the same in both decomposition in order what to 
want to show. As {u, v) = and both are lightlike vectors, then 

{x, y) + {w, w) + {x, w) + (y, w) = 0. 

(x, x) + {w, w) + 2{x, w) = 0. 

{y,y) + {w,w) + 2{y,w) = 0. 

By combining the three equations, we obtain jxp + lyp — 2{x,y) = 0, that is, \x — = 0. 
Thus X = y, because a; — y is a spacelike vector {x — y G< w >-^) . So we deduce u = v. 

2. If the two vectors are timelike, then {u, v) ^ 0. This is due to the following fact: by using 
Ef =< V >-*- ® < V >, where < v >-*- is a spacelike subspace, we write u = x + Xv; then 

{u, v) = {v,x) + X{v,v) = X{v,v). 

If {u, v) = 0, then A = and u — x would be spacelike. The reasoning is analogous with 
lightlike or timelike vectors. Therefore both vectors must be lightlike. 

^This difficulty is similar, in a some sense, with what happens for the set of numbers: there exists complex 
numbers x such that x'^ = —1, but there are not complex numbers, x Q, such that x'^ = 0. 
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3. If u,v G U (1 U , then {u,v) = 0. Thus they are dependent linear. This proves that 
dim(t/ n U-^) < 1. If the dimension is exactly 0, then = [/ ® f/-*-, and so any vector of Ef 
would be lightlike. 

□ 

We study timelike subspaces. 

Proposition 1.1.6. Let U C be a two-dimensional subspace. The following statements are 
equivalent: 

1. U is a timelike subspace. 

2. U contains two independent linear lightlike vectors. 

3. U contains a timelike vector. 

Proof: 

1 2 Let {61,62,63} be an orthonormal base of Ef. Then 62 + 63 and 62 — 63 are independent 

linear, lightlike vectors. 

2 => 3 If u and v arc the two independent linear, lightlike vectors, then u + voru — visa, timelike 

vector because 

{u±v,u±v) = ±2{u, v) 
and {u, v) due to both vectors are timelike. 

3 => 1 Let u be a timelike vector of U. Then IJ-^ C< v >^, and < v >-"- is a spacelike subspace. 

Thus, J/-"- is spacelike, and so, U is timelike. 

□ 

The above result can generalize to arbitrary dimensions by considering that U is a hyperplane. We 
now characterize lightlike subspaces. 

Proposition 1.1.7. Let U be a subspace of I^. The following statements are equivalent: 

1. U is a lightlike subspace. 

2. U contains a lightlike vector but not a timelike one. 

3. UnC = L- {0}, and dimL = l. 

Proof: 

1 => 2 Since (,) is a degenerate metric, there is a lightlike vector. By the Proposition 1.1.6, there 

are not timelike vectors. 

2 3 Since there exist lightlike vectors, U flC is a non-empty set. By using Proposition 1.1.6 again, 

if there are two independent linear, lightlike vectors, then there would be a timelike vector. 
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3 1 Proposition 1.1.6 says that U is not a spacelike nor timelike subspace. 

□ 

Proposition 1.1.8. Let P be a plane of E^. We denote by ft an orthogonal vector with the 
Euclidean metric. Then P is a spacelike (resp. timelike, lightlike) plane if and only if ft is a 
timelike (resp. spacelike, lightlike) vector. 

Proof: If P writes as P = {{x, y, z) €M.^;ax + by + cz = 0}, then ft is proportional to the vector 
(a, b, a). We can also write P as 

P = {{x, y, z) e ffi^; ax + by- {-c)z = 0} =< (a, b, -a) >^ . 

The causal character of (a, b, — c) is the same than n, which proves the result. □ 

We give the definition of the modulus of a vector. 

Definition 1.1.9. Given u € E^, we call the modulus or norm of u as the number -^Ku, u)| and 
we write \u\. The vector u is called unitary if its modulus is 1. 

As a consequence, if u is a spacelike vector (resp. timelike), we have |u| = ^/ {u, u) (resp. |u| = 

\/-{u,u)). 

Proposition 1.1.10. If P is a spacelike plane and P =< v , with {v,v) = —1, we have 

\vU>l, 

where the subindex e represents that the computations are done with the Euclidean metric ofR^. 

Proof: We write P = {{x, y, z) e K^; ax + by + cz = 0}, with n = [a, b, c) and + 6^ + = 1. 
Then P =< v >"*", where 

(a, 6, -c) 

\/(? — a^ — b'^ 

and it satisfies (t;, v) = —1. By computing the Euclidean norm of v, we obtain 

I ,2 ^ a' + b' + c' ^ 1 . . 

□ 

This result justifies why when one draws the orthogonal vector to a spacelike plane, the (Euclidean) 
size is greater than the Euclidean unit orthogonal vector. See figure 1.2 



1.2 Timelike vectors 

Let us recall that T is the set of timelike vectors of eJ. For each u G T, we define the timelike 
cone of u as the set given by 

C{u) = {veT; {u,v) < 0}. 

This set is non-empty since u G C{u). Moreover T is the disjoint imion of C{u) and C{—u): if 
V & T, then {u,v) ^ 0, and so v & C{u) or i> G C(— it). Furthermore C{u) fl C{—u) = 0. Some 
properties of timelike cones are: 
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Figure 1.2: The vector v orthogonal to a spaceHke plane P "appears" bigger than the Euchdean 
normal vector n to P 

Proposition 1.2.1. 1. Two timelike vectors u and v lie in the same timelike cone if and only 
if{u,v) < 0. 

2. ue C{v) if and only ifC{u) = C{v). 

3. The timelike cones are convex sets. 

Proof: 

1. If {u, v) < 0, then u E C{v). Let assume that u,v £ C{w). We can suppose that {w, w) = — 1. 
We write u — x + aw and v — y + bw, with x, y G< w As < w >^ is a spacelike subspace, 
then \ {x,y) \ < \x\\y\, and 

{u,v) = -ab+ {x,y) < -ab+ \x\\y\. 

But {x,x) < a^ and (y, y) < b"^ . 

2. If u e C{%j), then {u,v) < 0, that is u G C{u). 

3. Assume that u,v G C{w) and let t E [0, 1]. Then 

{tu + (1 - t)v, vu) = t{u, w) + {1- t){v, vu) < 0, 
and this means that tu + {1 — t)v E C{w). 

□ 

We now show a type of Cauchy-Schwarz inequality for timelike vectors. This inequality allows us 
to define the angle between two timelike vectors. 

Theorem 1.2.2. Let u and v two timelike vectors. Then 

\{u,v)\ > ^J-{u,u)yJ-{v,v) 
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and the equality holds if and only if u and v are two proportional vectors. In the case that both 
vectors lie in the same timelike cone, there exists a unique number ifi>0 such that 

{u, v) = — \u\\v\ cosh (p. 

This number ip is called the hyperbolic angle between u and v. 

Proof: We consider two independent timclike vectors u and v. Then U =< u,v > is a, timehke 
plane. By Proposition 1.1.6 the equation on a and b given by 

{au + bv, an + bv) = a^(u, u) + b'^{v, v) + 2ab{u, v) = 

has solution. Moreover a ^ (on the contrary, the vector v would be timelike). By dividing by a, 

we have that 

{u, u) + 2X{u, v) + X^{v, v) =0 

has solution on A. In particular, the discriminant of the quadratic equation must be positive, that 
is, 

(u, u)^ > (u, u){v, v) . 

This shows the inequality in the case that u and v are independent linear. On the other hand, if 
they are proportional, then we obtain equality. 



For the second part of the theorem, we write 



> 1. (1.1) 



{-{u,u)){-{v,v)) 

If u and V lie in the same timelike cone, then (m, w) < and the expression (1.1) implies 



As the hyperbolic cosine function cosh : [0, oo) [1, oo) is one-to-one, there exists a unique number 
if such that 

cosh<^ = - =. 

^/-{u,u)^/-{v,v) 

□ 

Corollary 1.2.3. Ifu,v are two timelike vectors that lie in the timelike cone, then 

\u + v\ > \u\ + \v\ 
and the equality holds if and only if u and v are proportional. 

Let us see that in general there is not a notion of angle for spacelike vectors. For example, for 
the unit vectors u = (0, cosh(t), sinh(f)) and v = (0, 1,0), we have {u,v) = cosh(f), which attains 
any arbitrary value (and greater than 1). This is due to the plane < u.v > is timelike. On the 
contrary, if u and v determine a spacelike plane, the induced metric on P is positive definite and 
then, we would have the (usual) Cauchy-Schwarz inequality. 
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We end this section with the definition of timelike orientation. Before, we recall the notion of 

orientation in any vector space. For this, in the set of all bases of M'^, we consider the equivalence 
relation R given by BRB' if the matrix that changes both bases has positive determinant. There 
exist exactly two equivalence classes, called orientations of R^. When we fix one of them, we say 
that R"^ is oriented (with this orientation). Exactly, when we say that is oriented we mean the 
ordered pair {M.^, [B]), where 5 is a base. In such case, if B' is any base, we say that B' is positive 
oriented if B' e [B]; on the contrary, we say that B' is negative oriented. 

In Minkowski space Ef there is not sense to talk again of orientation, since this is defined in 

as vector space, but not as metric space. The timelike orientation that we want to introduce is 
a metric concept, because we use the Lorentzian metric (,). Thus, there is not relation between 
both notions. 

In Ef we consider the set (3 of all orthonormal bases. We define the equivalence relation given by 
B B' \{ 63 and 63 lies in the same timelike cone, 

that is, if (63, 63) < 0. We have only two equivalence classes, which are called timelike orientations. 

Moreover, each class determines a \miquc timclike cone and conversely, given a timelike cone, there 
exists a unique timelike orientation in such way that all bases belonging this orientation have the 
last vector in such timelike cone. 

We say that Ef is timelike oriented if we fix an orientation, that is, we consider the ordered pair 

[B]), for some B. 

Definition 1.2.4. Let £^3 = (0,0, 1). Given a timelike vector v, we say that v is future- directed 
(resp. past-directed) if v G C^E^), that is, {v^E^) < (resp. v G C(— -E3), or {v,E^) > 0). 

It is also equivalent to say that v = (wi, W2, W3) is future-directed if V3 > 0. We always orient E^ 
by the timelike cone C(i?3), that is, (eJ, [By]), where S„ is the usual base if M^. 



1.3 The Lorentzian vector product 



The definition of vector product is the same that the given one in the Euclidean ambient. 

Definition 1.3.1. If u,v € I^, we call the (Lorentzian) vector product of u and v to the unique 
vector denoted by u x v that satisfies 

{u X v,w) = det (?i,w,w), (1-2) 

where det{u,v,w) is the determinant of the matrix obtained by putting by columns the coordinates 
of the three vectors u, v and w. 

By taking w each one of the vectors of the usual base, we obtain 



ux V 



I 

U\ 



j -k 

U2 Us 
V2 V3 



(1.3) 



The bilinearlity of the metric assures the existence and uniqueness of this vector. Thus, if we 
denote hy u x^v the Euclidean vector product, we have that u x v is the reflection of u x^v with 
respect to the plane {z = 0}. 
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Proposition 1.3.2. The vector product satisfies the following properties: 

1. u X V = — f X u. 

2. u X V is orthogonal to u and v. 

3. u X V = if and only if {u, v} are not proportional. 

4- u X V ^0 lies in the plane P =< u,v > if and only if the plane P is lightlike, 

1.4 Isometries of 

In this section we study the isometries of Minkowski space E^. We consider the set of all vector 
isometries of Ef , and we denote it by Oi(3). If B and B' are two orthonormal bases, the matrix 
A of change of coordinates satisfies A*GA = G. Thus 

Oi(3) = {AciGl{-i,R);A*GA = G}. 

In particular, det(A) = ±1. This means that Oi(3) has at least two connected components^. We 
denote by 501(3) the set of isometries with determinant 1. The set 50i(3) is called the special 
Lorentz group. This group appears related with the notion of orientation of R^. Exactly, if we fix 
the orientation given by the usual base, and if B is an orthonormal base, we have B G 501(3) if 
and only if B is positive oriented. 

We define the ortocrone group by 

Oj''(3) — {A <E Oi(3); A mantains the timelike orientation}. 

We say that A mantains the timelike orientation if given a future-directed orthonormal base 
then the base obtained hj B' = A-B'is also future- directed. We also have the next characterization 

of 0^{'i): A € Oi{'i) if and only > 0. The set 0^(3) is a group with two components: one of 
them is Oi^(3) n 501(3) and the other one is 0^"(3) - (Oj^(3) n 50i(3)).5 

Our interest is the following group. We define the special Lorentz ortocrone group as the set 

Oj^+(3) = 50i(3) n Oj^(3) = {A e Oi(3); det(A) = 1, A maintains the timelike orientation}. 

This set is a group and / e Oj'~~'~(3). Prom a topological viewpoint, Oj'~~'~(3) is not a compact set 
because the subset 

r/1 \ ^ 

<^ cosh(t) sinh(t) ; t G K ^ 

I \ sinh(i) cosh(i) / J 

is not bounded. 

Without proof, we have the following 

^We are considering in GZ(3, K) the usual topology, that is, the induced by the EucUdean one from E'^ and the 
inclusion map GZ(3,]R) C 

^Recall that the isometries of E^, the orthogonal group 0(3), it has exactly two connected components, being 
one of them, the special orthogonal group 50(3). Moreover 50(3) is a compact set. 
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Theorem 1.4.1. The connected components of Oi{3) are Oi~^{3) y 

0+-(3) = {^e 50i(3);033 <0} 
0-+(3) = {^eOf(3);dei(A) = -1} 
Or-(3) = {^eOi(3);(fet(^) = -l,a33<0} 

If we denote by Ti and T2 the isometries given by Ti = diag [1, 1, —1] and T2 = diag [1,-1,1], then 
the three last components correspond, respectively, with Ti • T2 • 0^~'~(3), T2 • 0'^^{2i) y Ti • 0^^{2i). 

The rigid motions of Ef are the composition of a vector isometry and a translations of Ef . 

Next we study the isometrics of the two-dimensional Lorcntz-Minkowski space E^. This will clarify 
why wc have to distinguish between isometrics that maintain or not the timclike orientation. Let 

A be a matrix given by >1 = ^ ^ ^ ^ . Then A G Oi(2) if and only if G = A*GA, that is, 

a^-c^ = 1, ab-cd = 0, d'^-b'^ = 1. 
Prom the first equation, we have two possibilities: 

1. There exists t such that a = cosh(f) and c = sinh(t). From — 6^ = 1, it appears twos cases 
again: 

(a) There exists .s such that d = cosh(s) and b = sinh(s). With the second equation, we 

conclude that s = t. 

(b) There exists s such that d = — cosh(.s) y b = sinh(s). Now we have s ~ —t. 

2. There exists t such that a = — cosh(t) and c = sinh(f). Equation d"^ — b^ = 1 yields two 
possibilities: 

(a) There exists s such that d = cosh(s) and b = sinh(s). The second equation concludes 

that s = —t. 

(b) There exists s such that d = — cosh(s) and b = sinh(s). From ab — cd = 0, we have 
s = t. 

As conclusion, we obtain four kinds of isometries. In the same order as above, they are the 
following: 

/ cosh(i) sinh(i) \ / cosh(f) sinh(t) \ 
sinh(t) cosh(t) ) ' \ - sinh(t) - cosh(t) J ' 

/ — cosh(t) sinh(i) \ / — cosh(i) sinh(t) \ 
- sinh(i) cosh(i) J ' sinh(f) - cosh(t) J ' 

With the same notation as in Theorem 1.4.1, each one of the matrices that have appeared belong 

to 0++(2), Or"(2), Or"^(2) y Ot~{2), respectively We see which is the difference with the 
isometries of E^. In the latter case, and following the same scheme, it appears equations of type 
+ y"^ = 1, whose solutions can write as a; = cos^ and y = sinO. This distinguishes the equation 
x"^ — y"^ = 1, where it is necessary to separate the case that x is positive or negative. 

We end this section with the study of isometries of 0^~''(3) that leave pointwisc fixed a straight- 
line L. This kind of isometries are called boosts. It will appear three types of such isometries, 
depending on the causal character of L. 
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1. L is timelike . Assume that L =< E3 >. Since A ■ E3 = E3, we obtain that ais = 023 
and 033 = 1. By using the equahty G = A*GA = G, we have 031 = 032 = and 

«ii + «2i = 1> aiiai2 + 01210122 = 0, ai2 + 0,^2 = 1- 



Thus the matrix A writes as 



cos 6 — sin ^ 

A = I sin(9 cos6' 
1 



2. L is spaceUke. Let L =< Ei >. Then 

1 

^ = ( cosh (f sinh (f 

sinh (f cosh ip 

3. L is hghthke . We suppose that L =< E -2 + E3 >. Then 

1 e -9 

~^ J ~ 

-e -f 1 + ^ 



In all above cases, the isometries belong to Oj'"''(3). 

We end this chapter by showing a kind of planar curves which will be used throughout this Mini- 
Course. Exactly these curves play the same role as the circle in Euclidean ambient. A way to define 
the Euclidean circle is the following. Let G be a group of rotations that leave pointwise fixed a 
straight-line L. Let po ^ L. Then the set {A - pq;A & G} is & circle contained in a orthogonal 
plane to L which contains the point po- 

In Minkowski space E"^ we have to distinguish three cases depending on the causal character of 
the line. Let L be a straight-line and po ^ L. We denote by G the group of boosts associated to 
L. After an isometry of Ef , we assume that L lies in one of the next three cases: 



1. L is timelike . We consider L =< E3 >. Then 



cos — sin 
G=lTe=\ sine cosO ;^eK|. 
'0 01' 



The set {Tg{po);9 e R} is the circle that lies in the plane {z = zo} and radius a/xq + yg • 
2. L is spacelike. We take L =< E\ >. Then 

/ 1 \ 

G=|r<^= cosh(p sinh(^ |. 

y sinhtp coshi^ j 

The orbit of po is a branch of the hyperbola — z"^ = — Zq in the plane {x = xq}- 
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3. L is lightlike. We assume that L =< E - 2 + E3 >. Then 



2 ^ ' 2 



Let see that G leaves fixed the plane < Ei,E2 + E3 > since Tg{Ei) = Ei — 9{E2 + E3). 
We take v the unique lightlike vector orthogonal to Ei such that {v, E2 + E3) — 1. In our 
case, V = E2 — E3 and we consider the plane P =< Ei, E2 — E3 >. As A is an isometry, 
we have that A{E2 — E3) is a lightlike vector orthogonal to A{Ei) ~ Ei — 9{E2 + S3) and 
y4(i;2 - £^3) ^E2 + E:i. Thus it is E2 - E3. This means that A(P) = P. Let po e Then 
the set {Tg{po); S M} is a parabola included in the plane P whose axis is parallel to E2 — E3 
through see the figure 1.3. Exactly, we have 

Tg{x, y, z)^{x + 2ye, y ^ x9 - y0^ , ~y - xO ~ yO^). 

If we set X = a:; + 2yd and Y = y — x9 — y6^, we obtain the relation 

Ay Ay 




Figure 1.3: The orbit of a point by the action of boosts. On the left we have a hyperbola; on the 
right, we obtain a parabola. 

We point out that the above orbits are circles, hyperbolas and parabolas exactly in the case 
that they lie in the above planes. For example, we consider the rotations with respect to the 
timelike line L ~< (0,1,2) >. The orbit of a point lies in a parallel plane to the the plane 
P =< ei = (1, 0, 0), 62 — (0, 2, 1) > and it is g + cos{t)ei + sin(i)e2, that is, an affine ellipse. On 
the other cases, we obtain affine hyperbolas and parabolas, respectively. 



1.5 Exercises 

1. Let U he a, subspace of ffi.^. Then the induced metric on U must be one of the three causal 
characters. 

2. Let u G E^. Then the subspace U —< v > has the same causal character than v. 
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3. Let {61,62,63} be an orthonormal base with 63 a timelike vector. Then any vector e Ef 
writes as 

V = {v,ei)ei + {v, 62)62 - (i-, 63)63. 

4. Let w be a spacelike vector and v a lightlike vector orthogonal to u. Show that there exists 
a unique lightlike vector w such that {u, w) = and {v, w) = 1. Moreover {u, v, w} is a base 
of Ef which is positive oriented and that it is future-directed. 

5. In the set T of timelike vectors we define the following relations: w ~ t; if {u,v) < 0. 
Without using the concept of timelike cone, show that ^ is a equivalence relation with only 
two classes, which agrees with the sets of future-directed vectors and past-directed vectors. 
If we put u V if {u, v) > 0, then is not an equivalence relation. 

6. Let B and B' be two orthonormal bases and let A = [aij) the matrix of change of bases. 
Show that B and B' belong to the same timelike orientation if 033 > 0. 

7. Let u, w e Ef be two independent linear vectors. Show that if u and v are spacelike (resp. 

timelike, lightlikc) vectors, then u x v \s a. timelike (resp. spacelikc, spacelikc) vector. If one 
is timelike and the other one is lightlike, then, u x v \s spacelike. Finally, if u is spacelike 
and V is lightlike, then ux v can be spacelike or lightlike. 

8. Let B = {61,62,63} be an orthonormal base of Ef. Show that if u and v are two vectors 
with coordinates (mi, ?i2, lis) and {vi,V2,Vs) respectively, then the coordinates of u x w agrees 
with the expression (1.3). 

9. Let u,v &T he two vectors in the same timelike cone. Then 

\u X = \u\'^\vf sinh(<^)^, ip = angle(u, v). 

10. Let u^O. Then 

\u\ = \u\e\^\ C0S(2^)| < \u\e, 

where 6 is the angle of u with any horizontal plane. Equality holds if and only if u is horizontal 
or vertical. 

11. If u and V are independent linear, then 

{u X V,U X v) = {uXeV,UXeV)e C0s(2^). 

12. |it X t;| < |MXeu|e. Equality holds if and only if {u, v} determine a horizontal or vertical plane. 

13. u X V y ux^v lies in the same halfspacc (resp. opposite halfspace) determined by the plane 
< u,v > when u x v is a timelike (resp. spacelikc) vector. 

14. Let A be a isomctry of E^ and w, u e E^. Then A{u x w) = det{A){Au) x (Av). 

15. If u and v are vectors of E^, we denote by [u,v] the segment joining both vectors, that is, 
the set {tu -l- (1 — t)v; t G [0, 1]}. Show that if u and v are spacelike, then all vectors of [u, v] 
are spacelike. This does not occur if one vector is spacelike and the other one is timelike. 

16. Find the isometries that leave pointwise fixed the y-axis. 
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17. Show that the causal character of a vector or subspace does not change if we map it by a 
isometry of 0^~^{3). This does not occur if the isometry if of other kind. 

18. Show that any clement of 0^^{3), except the identity, pointwise fixed leaves exactly one line. 
This shows that any element of 0++(3) is a boost. 

19. Let {ui}, {vi} be two bases of that satisfy that Ui and Vi are two unit spacelike vectors, 
Ui,Vi are lightlike vectors, j G {2,3} and 

{ui,Uj) = {vi,Vj) =0, j G {2,3} 

{U2,U3) = {V2,V3) = 1. 

Assume that both bases are positive oriented and future-directed. Show that there exists 

A <E of ^{3} that carries a base in the other one. 

20. Show that A e 0^(3) if and only 033 > 0. 
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Chapter 2 

Curves in Minkowski space 



In this chapter we develop the theory of the Frcnet trihedron for curves in EJ. In this sense, we 
treat similar questions to what happen in Euclidean ambient. For example, we will find all planar 
curves with constant curvature. Also, we will study helices and Bertrand curves. 

The first point to remark is that the notion of curve is not metric: a (smooth) curve is a differ- 
entiable map a : I ^ M.'^ where / is an open of M. It is the fact to consider on I the induced 
metric by a what converts into a differential geometric concept. The development to do is the 
same than for curves in Euclidean curves in E^. However, the different causal character that can 
have a straight-line in Ef will do that its study is more difficult because we have to consider each 
causal character. 

In this chapter a : / C M ^ E^ denotes a differentiable map, where / is an open interval, with 
Oe/. 

2.1 Parametrized curves 

Definition 2.1.1. Let a be a curve in E\. We say that a is spacelike (resp. timelike, lightlike) 
at t if a'{t) is a spacelike (resp. timelike, lightlike) vector. The curve a is called spacelike (resp. 
timelike, lightlike) if it is for any t G I. 

Before to show examples of curves, we remark that in general any curve in E^ is not of one 
type of the above ones. Of course, for each t G I, a'{t) will be spacelike, timelike or lightlike, 
but this property does not maintain in all interval /. For example, if we consider the curve 
a{t) = (cosh(f),i2,sinh(f), then {a' (t) , a' {t)} = At^ - 1. Thus, the curve is spacelike in the interval 
(-00, -1/2) U (1/2, 00), timelike in (-1/2, 1/2) and lightlike in {-1/2, 1/2}. 

We point out that the spacelike (or timelike) condition is an open property, that is, if a is spacelike 

(or timelike) at to G /, there exists an interval [t^ — 5, to + 5) where a has the same spacclike 
(or timelike) character: if at to G we have (a' (to), a' (to)) > (< 0), the continuity assures the 
existence of an interval around to where (Q!'(to), Q;'(t)) > (< 0). 

A natural way to justify the definition of the causal character is the following. Let a : / — > Ef a 
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differentiable curve. For each t€l,we consider the differential map {da)t : Ttl = K — > T^^t)^! = 
R^, that is, the map given by 



{da)t{s) = — a{t + su) = s ■ a'{t), 



or 



{da)t — a'{t). 



Let us observe that {da)t{-^) = a'{t). We consider in R = T^I the induced metric from a, that is, 
q;*(, ) which is defined by 



Then {Ttl,a* {,)) is a metric space of dimension one. We now rediscover the causal character of 
a at t: it agrees with the metric space {Ttl,a*{,)), that is, if this space if positive definite, or 
a'{t) = 0, we say that a is spacelike at t; if the space is negative definite, then a is timelike at t; 
and if the space is degenerate, we say that a is lightlike at t. 

A curve a is called regular a,t to & I if ce'{to) 7^ 0. We say that a is regular if it is for any t G I. 

We show some examples of planar curves in EJ, that is, curves included in an affine plane of M.^. 
Let p,v eR^ and r > 0. 

1. The straight-line a{t) = p + tv has the same causal character than v. 

2. The circle a{t) = p + r (cos t, sin t, 0) is a spacelike curve included in a spacelike plane. 

3. The hyperbola a{t) = p + r(0, sinhf, coshf) is a spacelike curve in a timelike plane. 

4. The hyperbola a{t) = p + r(0, cosht, sinht) is timcliko in a lightlikc plane. 

5. The parabola a{t) = {t,t^,t^) is a spacelike curve in a lightlike plane. 

Let now see examples of non-planar curves. 

1. The helix a{t) — (cost, sin i, at), a ^ 0. This curve is an Euclidean helix. 

2. a{t) = (of, sinht, coshf), a ^ 0. 

3. a{t) = (af, cosht, sinhf), a ^ 0. 

The causal character of a curve in Minkowski space imposes conditions on the regularity and 
topology of the curves. First, we have 



a*{,)t{m,n) = {{da)t{m), {da)t{n)) 



mn{a'{t),a'{t)). 




Proposition 2.1.2. Any timelike or lightlike curve is regular. 
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Proof: Assume that the curve is timelike, and we write a{t) = {x{t),y{t), z{t)), where the function 

X, y and z arc diffcrcntiablc functions on t. Then {a' (t) , a' (t)) = x'{t)^ +y'{t)^ ~ ^'^Y < Oj 
particular, z'{t) ^ 0, that is, a is a regular curve. 

If the curve is lightlike, we have z'(t) ^ again since, on the contrary, x'{t) = y'(t) = and 
a'{t) = 0. But this means that a is spacelike at t. □ 

As a consequence of the proof, around to any timelike or lightlike curve can locally written as 

a{t) = {f{t),g{t),t), t £ (to — 5, to + S) for some smooth functions / and g. For a spacelike curve, 
we have the following result: given to S /, there exists 6 > such that a{t) = {t, f{t), g{t)) or 
a{t) = {f{t),t,g{t)). 

Other consequence about the causal character is the following 

Theorem 2.1.3. Let a be a closed curve in included in an affine plane P. 

1. If a is spacelike, then P is a spacelike plane. 

2. The curve is not timelike or lightlike. 

Proof: 

1. Without loss of generality, we assume that the plane P is a vector plane. If P is timelike, 
we assume that P =< E2,E3 >. Then a{t) = {0,y{t), z{t)). The map given by y : K ^ M 
attains a maximum at some point to- Then y'{to) = 0, and a'{to) = (0, 0, z'{to)) is a timelike 
vector. 

If P is a lightlike plane, we take P =< Ei,E2 + E^ >. Then a{t) = {x{t),y{t),y{t)). Let to 
be the maximum of the function x{t). Then a' (to) = {0,y'{to),y'{to)) is a lightlike vector: 
contradiction. As a consequence, P is a spacelike plane. 

2. Let a be a timclike curve. Then the plane has to be timelike since in spacelike or lightlike 
planes there are not timelike vectors. If P =< E2,E^ >, the point to where the function 
z{t) attains the maximum satisfies a' {to) = {O,y'{to),0): this vector is spacelike. This is a 
contradiction. An analogous reasoning can do for lightlike curves. 

□ 

With the same arguments, we have 

Corollary 2.1.4. There are not closed curves in that are timelike or lightlike. 

Let us see that there exist (non closed) spacelike curves in non-spacelike planes. As an example, let 
a(s) = (0, sinh(s), cosh(s)): this is a spacelike curve in the timelike plane < E2,E^ >. Similarly, 
the curve a{s) = (s, s^,s^) is spacelike and included in the lightlike plane < Ei, E2 + Es >. 

From now, we will assume that all curves are regular. 

Lemma 2.1.5. Let a be a spacelike or timelike curve. Then there exists a change of parameters 
such that \a'(s)\ = 1. Exactly, given to G /, there is d,e > and a diffeomorphism cj) : (— e,e) 
{to — 6,to + 5) such that the curve P : (— e, e) — » given by (3 = a o 4> satisfies the property 
1/3' (s) I = 1. In such case, we say that the curve is arc-length parameterized. 
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Proof: We do the proof for timelike curves. We define the map 5 : / — > M by 

S{t) = - [ {a'{u),a'{u)) du. 

J to 

Since S'{to) > 0, the function S is a local diffeomorphism around t = to- Because S{to) = 0, there 
exist S,e > such that S : {to — S, to + S) — > (— e, e) is a diffeomorphism. The map that we are 
looking for is = S~^. □ 

For lightlike curves, the vector a'{t) is lightlike and there would be not sense re-parametrize by 
the arc-length. However and as {a' {t) , a' (t)) = 0, by differentiation, we obtain {a" (t) , a' (t)) = 0. 
Let us suppose that a"{t) ^ 0. Then o!' (€) is a spacelike vector and we can parametrized a to get 

|a"(t)| = 1. The following result asserts that this can done. 

Lemma 2.1.6. Let a he a lightlike curve in -E^. There exists a re-parametrization of a given by 
(3{s) = a(0(s)) in such way that = 1. We say that a is length-arc pseudo-parametrized. 

Proof: We write /3(s) = a(0(s)), whore the fimction cp is unknown. By twice differentiation, we 
have 

/3"(s) =0"(s)a'(i)+0'(s)2a"(i). 
Then (/?'(s), /3'(s)) = ^'(s)^|a"(t)p. Thus, we define cj) as the solution of the differential equation 

^'i^)= /I m=to. 

□ 



2.2 Curvature and torsion 

This section is the key of this chapter. Given a regular curve, we want to assign for any point of 
the curve an orthonormal base that describes the geometry of the curve. This will be given by the 
Frenet trihedron. The variation of this base along the curve will give us the information how the 
curve is deformed into the ambient space. 

The simplest case of curves are straight-lines. If p e Ef and v ^ , the straight-line through the 

point p in the direction v is parametrized by a{t) = p + tv. Then a"{t) = 0. As the acceleration-^ 
has modulus 0, we say that the curvature of a straight-line is 0. 

Conversely, if a is a regular curve that satisfies a"{s) = for any s, by integration twice, it yields 
a'{s) = V, for some vector v ^ and a{s) = sv + p. This means that a parametrizes a straight- 
line through the point p along the direction given by v. Let us sec that given a straight-line (as 
a set of M^), we can parametrize it by other parametrization. For example, a{s) = s^Ei is a 
parametrization of the straight-line < Ei > and does not satisiy a" = 0. 

We consider a regular curve a parametrized by the length-arc or the by the pseudo-length-arc. We 

call T(s) = a'{s) the tangent vector at s. In particular, (T(s), T'(,s)) = 0. We will assume that 
T'(s) ^ and that T'(s) is not proportional to T(s) for each s. This avoids that the curve is a 
straight-line. 

^We avoid to say that the acceleration is null 



2.2. CURVATURE AND TORSION 
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2.2.1 The timelike case 

We suppose that a is a timelike curve. Then T'(s) ^ is a spacehke vector independent with 
T(s). We define the curvature of a at s as k{s) = |T'(s)|. The normal vector N(s) is defined by 

N(,) - -f'l') - »'» 



k{s) \a"{s)\ ■ 

Moreover k{s) = (T'(s), N(s)). We call the hinorm,al vector B(s) as 

B(s) = T(s) X N(s). 

The vector B(s) is unitary and spacelike. For each s, {T,N,B} is an orthonormal base of 
which is called the Frenet trihedron of a. We define the torsion of a at s as 

r(5) = (N'(s),B(5)). 

By differentiation each one of the vector functions of the Frenet trihedron and putting in relation 
with the same Frenet base, we obtain the Frenet equations, namely. 





2.2.2 The spacelike case 

Let a be a spacelike curve. There are three possibilities depending on the causal character of T'(s). 

1. The vector T'(s) is spacelike. Again, we write k{s) = |T'(s)|, N(s) = T'(s)/k(s) and 
B(s) = T(s) X N(s). The vectors N and B are called the normal vector and the binormal 
vector respectively. The curvature of a is defined by k. The Frenet equations are 

/ T' \ / \ / T \ 

N' = -K T N . 
\b' ) \ r A B ; 

The torsion of a is defined by r = — (N', B). 



2. The vector T'(s) is timehke. The normal vector is N = T'/k, where k{s) ^ y^-{T'{s),T'{s)) 
is the curvature of a. The binormal vector is B = T x N, which is a spacelike vector. Now, 
the Frenet equations are 

/ T' \ / « \ / T \ 
N' = kOt N . 

V B' y V r A B y 



The torsion of a is r = (N',B). 
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3. The vector T'(s) is lightlike for any s (recall that T'(s) ^ and it is not proportional to 

T(,s)). Wc define the normal vector as N(s) = T'(s), which is independent linear with T(s). 
Let B be the unique lightlike vector such that (N,B) = 1 and orthogonal to T. The vector 
B(s) is called the binormal vector of a at s. The Prenet equations are 




The function r is called the torsion of a. There is not a definition of the curvature of a. 



2.2.3 The lightlike case 

Let a be a lightlike curve parametrized by the pseudo- length-arc, that is, a"{s) is a unitary spacelike 

vector. We consider the tangent vector T = a' and we define the normal vector as N(s) = T'(s) 
and the binormal vector the unique lightlike vector orthogonal to N(s) such that (N(s), B(s)) = 1. 
Then the Prenet equations are: 







1 






T 







I 





— T 


/ 





Again, the function r is the torsion of a. We point out that as in the case that a is spacelike with 
T' lightlike, we do not define the curvature of the curve. 

We end this section with some final remarks on the general theory of curves. One can prove that 
the notions of curvature and torsion are isometric invariant, that is, if M : Ef — > Ef is a rigid 
motion of E^, and we consider the curve /3(s) = Moa{s), then K/3(s) = Ka{s) and T0{s) = ±Ta{s). 

Similarly as in Euclidean ambient, one can find formulae for the curvature and torsion function in 
the case that the curve is not parametrized by the length-arc. First, we need to define the curvature 
and torsion for this kind of curves. Let (3 = a o a he any parametrization by the length-arc. We 
define Ka{t) = up o and similar for the torsion. One can show that this definition does not 
depend on the re-parametrization. For example, for timelike curves, we have: 

_ \a'{t) X a"{t)\ _ \a'it) x a"{t)\ 



T{t) = 



a'{tr {-{a'(t),a'{tW/^ 
dei{a'{t),a"{t),a"'{t)) 



\a'{t) X 



In the case of planar curves, we have the following result for timelike curves and which is analogous 
to one for Euclidean planar curves. 

Theorem 2.2.1. Let k : I ^ M. be a smooth function and let P a timelike plane. There exists a 
unique spacelike curve in P with curvature k. The same result holds to assure the existence of a 
timelike curve in P with k as curvature function. 



Proof: Without loss of generality, we assume that P =< Ei,Es > and let po = (0, 0, 0). 



2.3. PLANAR CURVES WITH CONSTANT CURVATURE 
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1. We are going to find the spacelike curve a such that a{0) = (0,0,0), a'{0) = Ei and 
i^a{s) = k{s). Let ^ : 7 — > M be the function 

0{s) = [ n{t) dt, 
Jo 

and 

x{s) = / cosh(6l(i)) dt, z{s) = / svah{6{t)) dt. 
Jo Jo 

Then a{s) = {x{s),z{s)) is the curve that we are looking for. First, we have a(0) = (0,0). 
As 

a'{s) = (cosh(6'(.s)),sinh(6'(.s)) a"{s) = K(s)(sinh(6i(.s)), cosh(6'(s)), 

then a is a parametrized by the length- arc spacelike curve with a'(0) = (cosh(O), sinh(O)) = 
(1,0). Therefore the curvature of a is |a"(s)|, that is, k{s). 

2. If we look for a timelike curve with starting velocity E3, it suffices to take 9{s) = K,{t) dt 
and 

x{s) = / sinh(^(t)) dt, z{s) = / cosh(6l(i)) dt. 
Jo Jo 

□ 



2.3 Planar curves with constant curvature 

We consider a planar curve, that is, a curve of included in a affine plane. After a rigid motion, 
we can assume that this plane is a vector plane. In this section we are going to study planar 
curves with constant curvature. Before, wc translate to the Lorcntzian ambient a result that holds 
for curves in a Euclidean plane. Recall that if a is a planar curve in parametrized by the 
length-arc and t; is a fixed unitary direction, we call 9{s) the angle that makes T(s) and v, that 
is, cos(^(s)) = {T{s),v). One can prove that the curvature of a is |^'(s)|. 

In the Lorentzian ambient, we can not extend this result since it is necessary to talk of angle^. We 

only do it for timclikc curves. 

Theorem 2.3.1. Let a be a timelike curve parametrized by the length-arc and included in a timelike 
plane. Let v be a unit fixed vector of the plane pointing to the future. Let 4>{s) be the hyperbolic 
angle between T{s) and v. Then k{s) = \(p'{s)\. 

Proof: Without loss of generality, we take P =< Ei,E2 > and v = {0,V2,V3) with V3 > 0. Recall 
that 

-cosh(/)(s) = {T{s),v). 

By differentiation, we obtain 

-(j)'{s)smh.(j){s) = k{s){N{s),v). 



^See the corresponding exercise at the end of this chapter 
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As {N, T} is a base of P, then 

v={v,-N{s))-N{s)-{v,T{s))T{s). 

Then 

-1 = {v,N{s)f - {v,T{s)f = {v,N{s)f-cosH<p{s)f, 
that is, {v,N{s)) = ± sinh(0(s)). Therefore \(f)'is)\ = k{s). 

□ 

Once showed this result, we are going to study planar curves with constant curvature. We will 

assume that this constant is not (if it is, we know that a is a straight-line). The study of these 
curves has to distinguish the causal character of the curves. We will re-discover the curves that 
appeared in Chapter 1 as orbits of a point by the motion of a group of boosts (isometrics that 
pointwise fixed leave a straight-line). 



1. (The timelike case) The plane containing the curve must be timelike. Thus we assume 
that it is P =< E2,E3 > and so, a{s) = y{s)E2 + z{s)Ez. Because the curve is parametrized 
by the length-arc, y'{s)'^ — z'{s)'^ = —1. Then 

z'{s) = cosh0(s), y'(s) = sinh^(s). 

We compute the curvature of a: 

K{s) = \a"{s)\ = \cl>'{s)\:= a. 

Then ^(s) = as + 6. It yields 

y' = sinh(As -|- 6), z'{s) = cosh(as -|- h). 

Then ^ 

ais) = -(cosh(as + b)E2 + sinh(as -|- b^E^). 
a 

This curve is a Euclidean hyperbola in the plane P. 

2. (The spacelike case) We are going to find the planar spacelike curves with constant cur- 
vature. 

(a) Let us assume that P =< Ei,E2 >■ The induced metric on P by the Lorentzian metric 
agrees with the Euclidean metric. Thus, in this situation^, the notions of curvature 
agree in both settings. In particular, a is an Euclidean circle. 

(b) If the plane is timelike, we take the plane given by {x = 0}. We write a as a(s) = 
{x{s),Q,z{s)), with x^sf — z'{s)^ = 1. Thus, there is a function 6 G M. such that 
x'{s) = cosh(^(s)) y z'{s) = sinh(^(s)). An analogous reasoning as above yields 

a{s) = {x{s), z{s)) = (- sinh(as -I- b), — cosh(as -|- &)) = -(sinh(as -|- 6), cosh(as -|- &)). 

This curve is an Euclidean hyperbola. 

^Let see the corresponding exercise tiiat stiows that even the plane is spacelike, the Euclidean and Lorentzian 
curvature do not agree 
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(c) We suppose that the plane is lightlike. In this case there is not notion of curvature 
of a curve. After a rigid motion, we assume that the plane containing the curve is 
{y — z = 0}. Now the curve writes as a{s) = {x{s),y{s),y{s)). As a is a spacelike 
curve which it is parametrized by the length-arc, then x'{s)^ = 1. Let us assume 
x{s) = s. Then T(.s) = (1, ?/(.s)). Wc know that T'(s) is a lightlikc vector. As 
in the plane there is a unique lightlike direction, then the vector T'(s) is proportional 
to a fixed vector, for example, to v = (0, 1, 1). We say that a has constant curvature 
if T = 0. As a consequence, T (,s) = v (up constants). By integration, we obtain 
a{s) = po + sw + ^{E2 + E3), where w is a unit spacelike vector. As {w, w) = 1, the 
vector w writes as w = Ei + c{E2 + E3) with c e M. Then 



that is, and up re-parametrization, it is a parabola in the plane P with axis parallel to 
the lightlike direction. 

3. (The lightlike case) Let a be a lightlike curve included in a plane P. The plane P can be 

lightlike or timclikc. We separate both situations: 

(a) The plane is lightlike. Assume that P =< Ei,E2 + E3 >. As a'{s) is lightlike and 
there is only one lightlike directions, then a'{s) = f{s){E2 + E3) for some differentiable 
function /. In such case, a is a straight-line. Recall that this case was not considered 
in the Frenet trihedron. 

(b) The plane is timelike. Let P =< E2, >. As there are only two directions and both 
are independent linear, namely, E2 + E^ and E2 — E3, and a'{s) = /(s)(i?2 ± ^^3), an 
argument of connection together the fact that the vector ti = is not lightlike, shows 
that either a'{s) = f{s){E2+ E3) in / or a'{s) = f{s){E2 — E3) in /. Anyway, the curve 
is a straight-line. 

If we do realize a similar argument to the case that a is spacelike and N is lightlike, 
one could say that the curve has constant curvature if r = in /. Then N'(s) = 0. 
By integration, we get a'{s) = sv + w, where N(s) = w is a spacelike vector. But as 
(T,N) = 0, then s + {v,w) =0 for each s: contradiction. The only possibility is that 
V = 0, that is, a is a straight-line. 

Theorem 2.3.2. After a rigid motion of E^, the only planar curves with (non-zero) constant 
curvature are Euclidean circles, hyperbolas and parabolas. 



In Euclidean space, a helix is a curve whose tangent straight-lines make a constant angle with a 
fixed direction. This direction is called the axis of the helix. A result due to Lancret shows that a 
curve is a helix if and only if r//t is a constant function. For example, planar curves are helices. 
A helix with constant curvature and torsion is called a cylindrical helix. 

We extend this notion to the Lorentzian ambient. Although we can not speak about the angle 
between vectors, we can consider the function (T, v) for a fixed direction v and to say that this 
function is constant. In this sense, we have: 




2.4 Helices and Bertrand curves in E? 
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Definition 2.4.1. A helix in is a regular curve such that {T{s),v) is a constant function for 
some fixed vector v ^0. Any line parallel this direction v is called the axis of the helix. 

We assume that the curve is not planar. 

Theorem 2.4.2. // a (timelike or spacelike) curve a in is a helix, then t/k is a constant 
function. 

Proof: We distinguish the cases that a is spaceUke and timeUke. 

• Let a be a spacelike curve. There are three possibilities. 

— T' is a spacclikc vector. By differentiation, {T,v) = ct we obtain k(N,w) = 0. Then, 
(NjU) = 0. There exist functions a,b such that v = aT + 6B. By differentiation with 
respect to s and using the Prenet equations, we get 

a' = b' = 0, aK + bT = 0, 

obtaining the desired result. 

— If T' is a timelike vector, the reasoning is analogous. 

— Let T' be a lightlike vector. The same reasoning says us that 

= {a' - b)T + aN+ {b' - t6)B, 
which implies that a = b = 0, that is, v = 0: contradiction. 

• The case that a is timelike is similar to the the case that a and N are both spacelike. 

□ 

In order to say the converse of this theorem, we need the notions of curvature and torsion. For 
this reason, we have: 

Theorem 2.4.3. Let a be a timelike curve or a spacelike curve with non-lightlike normal vector. 

If t/k is constant, then a is a helix. 

Proof: Assume that t = ck, c E M.. We are going only to study the case that a is timelike. We 
define the vector function given by 

v{s) = cT(s) +B(s). 

By using the Frenet equations, we show that v' = 0, that is, u is a constant function. Moreover, 
(T, f ) = c = ct, which proves that a is a helix. □ 

One can think what does happen in the cases that a is spacelike with normal vector lightlike, or in 
the case that a is a lightlike curve. We consider the first case. We point out that any planar curve 
is a helix: we take P =< E\,E2 + Es >; since a'{s) belongs to this plane and E2+E3 G P-^, then 

(T(.S),S2+S3) =0. 

On the other had, if a satisfies {T{s),v) = a, by using the Frenet equations, the vector v writes 
as t; = aT + 6(s)N(s). By differentiation, we obtain b' + br + a = 0. Let us see that any spacelike 
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curve with normal vector of lightlike causal character is a helix. Let a be any constant and b = b{s) 

a solution of the differential equation b'{s) + t(,s)6(.s) + a = 0. We define v{s) = aT{s) + 6(s)N(s). 
This function is constant since v'{s) = {b' + br + a)N = 0. Moreover (T, v) = a, and so, a is a 
helix. In this situation, there exists an infinity set of vectors v. 

In Euclidean ambient, a Bertrand curve is a regular curve such that there exists other curve (3 

whose straight-lines in the corresponding points are parallel. The curve /3 is called the mate curve 
of a. Therefore, the planar curves are Bertrand: it suffices to take parallel curves to the original 
curve. If r 7^ 0, a characterization of a Bertrand curve is the following: the curve a is a Bertrand 
curve if and only if Ak + Bt = 1 for some constant A and B (if Ak + Bt = 0, wc have an helix). As 
example of Bertrand curves are the cylindrical helices, that is, curves where k and r are constant 
functions. 

In Ef we have the same definition of a Bertrand curve as in Euclidean setting. We focus our 
attention for timelike curves. 

Theorem 2.4.4. Let a be a timelike curve in I^. Then a is a Bertrand curve if and only if there 
are two constants A and B such that 

Ak + Bt = 1. 



Proof: If a is a Bertrand curve, let /3 be the mate curve of a. Then /3 can parametrize as 
/3(s) — a{s) + A(s)N(s). By using the Prenet equations, we have 

j3'{s) = (1 + Ak)T + A'N + ArB. 

Thus A' = 0, that is, A is a constant function. 

Assume that /3 is a lightlike curve. Then 1 + Ak = ±At and we have the result. Let now the case 
that /? is a non-degenerate curve, for example, a spacelike curve. We find the normal direction of 
f3. For this, we parametrize /? by the length-arc: 7(5) = /3(^(s)). Then the normal direction of f3 
is given by 7"(s). We have 7'(s) = (j)'{s)(3' {t) and 

7"(5) = </."/?' + </.'V. 

Now 



We then have an expression of 7" in terms of the Prenet trihedron of a. The coordinates in T and 
in B vanish. This means that 

Ak^(1 + Xk) - X^tt' Xk' 

^ ^ ' [A2t2-(1 + A«)2]2 + A2r2 - (1 + Ak)2 " 

Xk'{\ + Xk)-X^tt' , Xk' 
Xt tTo — o 7^; — : — ; — ToTo — I" At — — — — ; — ^ — r-r- — U. 



or 



[A2t2 - (1 + Ak)2]2 A2t2 - (1 -h Ak)2 

At^AkV-t'- Akt') =0. 
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A(l + Xk) (^Xk't -t' - Xkt'J = 0. 

If r = at some point, then r = and a would be a planar curve. If r ^ 0, then 



Xk't -t' - Xkt' = 0, 



and this yields 



A 



This implies that there is 6 € R such that 




Letting ^ = — A and B = b, we have proved a part of the theorem. 

For the converse, that is, if there exist constants A,B £ R such that Ak + Bt = 1, it suffices to 
define the curve 



2.5 Exercises 

1. Parametrize by the length-arc the curves that appeared at the beginning of this chapter. 

2. Let a be a spacelike or timelike curve parametrized by the length-arc with non-zero acceler- 
ation. Show that a is a planar curve if and only if r = 0. 

3. Compute the Frenet equation of a planar spacelike curve whose vector normal is a lightlike 
vector. 

4. Find an example of a curve a in a spacelike plane in such way that the curvature does not 
agree with the Euclidean curvature, when we see this curve as a map a : 7 — > E^. 

5. Study why is not possible extend Theorem 2.3.1 to the general case of planar curve, even in 
the case the this curve is spacelike. 



(3{s)=a{s)+A-N{s). 
Then it is immediate that f3 is the mate curve of a. 



□ 



Chapter 3 

Spacelike and timelike surfaces in 




In this chapter wc introduce the notion of spacchke and timchke siirfaces. We will define the 
mean curvature and the Gaussian curvature for this kind of surfaces. Next, we will locally write 
these curvatures and, finally, we will characterize umbilical surfaces of Ef . The development of 
this chapter is similar to the Euclidean ambient, even in the local formulae of the curvature. 
However, we will see how the causal character imposes restrictions to work with these surfaces. 
For example, the surfaces can not be closed. Moreover, the Weingarten map for timelike surfaces 
is not diagonalizable (and we can not consider the notion of principal curvatures). 

3.1 Surfaces in Ef 

Let M be a smooth, connected surface with boundary dM. Let a: : M ^ Ef be an immersion, 
that is, a differentiable map such that its differential map dxp : TpM — > is injective. By the 
Inverse Theorem, a; is a local homeomorphism on x{M). If a; is a global homeomorphism, wc say 
that X is an embedding and that M is embedded (via x) in E^. If M is compact, this condition is 
equivalent to that x{M) has not self-intersections. 

We identify the tangent plane TpM with {dx)p{TpM). We consider the puUback metric Qp = 
x*{{, )p), that is, 

gp{u,v) = {u,v)p = {dxp{u),dxp{v)). 

In the Euclidean ambient {TpM, {, )p) is a Riemannian space, that is, the metric is positive definite. 
However, in the case that the map x arrives to Ef , this metric can be of three types, namely, 

1. TpM is a spacelike plane, that is, gp is positive definite. 

2. TpM is a timelike plane, that is, gp is a metric with index 1. 

3. TpM is a lightlike plane, that is, gp is a degenerate metric. 
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Definition 3.1.1. An immersion is called spacelike (resp. timelike, lightlike) if any tangent plane 
is spacelike (resp. timelike, lightlike). 

Prom now, we write (, ) instead of gp. Let us see that if the immersion is spaceHke or timelike, we 

(kx'oniposc; the ambient space as EJ = TpM Q) (TpM)^, where the second subspace is a vector line, 
which will be timelike or spacelike if the immersion is spacelike or timelike, respectively. 

The causal character of an immersion imposes conditions on the surface M. For example, we have: 

Theorem 3.1.2. Let x : M ^ he a spacelike immersion where M is a compact surface. Then 
dM ^ 0. 

Proof: Consider the projection map 'k{x, y, z) = {x, y). We define the map X = n o x : M ^ M^. 
Assume that dM = 0. As 

= |(ui,M2,0)|2 = ui+ul>ul+ul-ul = 

the map dXp is an isomorphism and X is a local diffeomorphism. In particular, it is an open map 
and x{M) is an open set of R^. On the other hand, M is compact and so, X{M) is a closed set in 
M^. As conclusion, X{M) = M^: contradiction. □ 

Therefore, if M is a compact surface, the boundary dM is a submanifold of dimension 1 and 

M = int{M) U dM. The tangent plane TpM, with p E dM. has bases where one of the vectors is 
tangent to dM and the other one is orthogonal to this one. This vector is called the unit conormal 
vector to M at p, and there exist interior and exterior conormal vector, depending if it points to 
int(M) or not. 

Corollary 3.1.3. Let x : M ^ E\ he a spacelike immersion of a compact surface. Assume that 
x\QM is a diffeomorphism hetween dM and a planar, closed, simple curve. Then x{M) is a graph 
on the planar domain determined by x{dM). 

Proof: Let be the planar domain that encloses x{dM). We know that tt : M — !■ is a local 
diffeomorphism. We claim that 7r(M) C il. On the contrary, let q G dn{M) — U and let x{p) — q. 
Then p ^ dM because x{dM) = dil., and so, p is an interior point. But x{p) G dTr{M) and then, 
the tangent plane at p must be vertical: contradiction. This shows the claim. 

Thus 7roa;:M^ilisa local diffeomorphism. In particular, it is a covering map. Since f2 is 
simply connected, 7r o a; is a diffeomorphism. This means that x{M) is a graph on Cl. □ 

We now show examples of spacelike and timelike surfaces. 

1. A horizontal plane is spacelike and a vertical plane is timelike. 

2. The hyperboloid 

H2 = {peE?;(p,p) = -l,^>0} 
is a spacelike surface. For each p e tf, the tangent plane is 

TpM = {ve K^; {p,v) =0}=<p>-^ . 

We call this surface hyperholic plane. In section 3.4, we will justify its name. See figure 3.1. 
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3. The De Sitter space is defined as 

S? = {peE?;(p,p) = 1}. 

From an Euclidean viewpoint, this surface is a ruled hyperboloid. It is a timelike surface 
since TpM =< p >^ and p is a spacelike vector. See figure 3.1. 

4. The lightlike cone 

C = {peE?;(p,p) =0}- {(0,0,0)} 
is a lightlike surface since TpM =< p >^ and p is a lightlike vector. 

5. Let / be a smooth map defined in a domain 17 C and let S = graph(/). We consider 
the immersion X : Q ^ given by X{x,y) = {x,y, f{x,y)). As — {1,0, fx) and 
Xy — (0, 1, fy), the induced metric in the tangent plane has as a matrix 

f l-P. -f.fy \ ^ 

\ ^fxfy 1 ^ fy J 

The determinant is 

1 - /I - = 1 - \Df\'. 

Thus the immersion is spacelike if l-D/P < 1 and it is timelike if l-D/P > 1. We have the 
next examples: 

• f{x, y) — y^l + x^ +y^ defined on 17 = M^. This is the hyperboHc plane tf. 

• f{x, y) = vl+~?. This surface is the ruled surface z'^ — x'^ = 1. It is a spacelike surface. 




hyperbolic plane 



De Sitter space 



Figure 3.1: The hyperbolic plane, the De Sitter space and the lightlike cone. 

Proposition 3.1.4. Any spacelike surface is locally the graph of a function defined in the plane 
{z = 0}. 

Proof: We consider a local parametrization of the surface X — X{u, v) — {x{u, v), y{u, v), z{u, v)). 
Since the vector Xu x X^ is orthogonal to Xu and X^, then it is a timelike vector. Thus, its third 
coordinate does not vanish. This coordinate is 

yv 
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We use the Implicit Function Theorem to assert that around a point of the surface, the map 

(p : {u,v) I — > {x{u,v),y{u,v)) 

is a diffeomorphism. We re-parametrize the immersion x hy X o . Then it is immediate that it 
agrees with the graph of the function z o (p~^. □ 

We end this section showing that any spaceUke surface is orientable. Let us recall that a surface 
is orientable if there is a family of coordinate charts where the change of parameters have positive 
Jacobian. In Euclidean space we know that if x is an embedding with dM = 0, then the surface is 
orientable. If the boundary is not empty, then there are examples of non-orientable surfaces, such 
as, the Moebius strip. If x is an immersion, there are examples of non-orientable surfaces in E^, as 
for example, the Klein bottle and the projective plane. If we delete a small piece to these surfaces, 
we obtain non-orientable immersions with boundary. 

Theorem 3.1.5. Let x : M ^ be a spacelike immersion. Then M is a orientable surface. 



Proof: Each tangent plane Tp{M) = {dx)p{TpM) is spacelike. Locally we can define a unit vector 
N orthogonal to the tangent plane by the Lorentzian vector product. Exactly, let x = x{u,v), 
Xu = {dx)p{d/du) and X^ = {dx)p{d/dv). As the vectors X„ and Xy are spacelike, the vector 
product Xu X is a timelike vector. We can define N as 

, X,,, X X,: 
N{u,v) 



\XuXXy\- 

Thus, in a neighbourhood of each point, there is a differentiable normal unit vector field on the 

surface. 

Let i?3 = (0,0, 1). As this vector is also timelike, we have 

\{N{p),Es}\ > 1. 

Thus, either {N{p),E^) > 1 or (A^(p),i?3) < —1 Vp in a coordinate neighbourhood. For example, 
we choose that vector with negative sign. This allows us to define a globally normal vector field 
to the surface, that is, M is an orientable surface. □ 

We now consider the map N : M ^ defined as above. We call N as the Gauss map of the 

immersion and it is globally defined. Moreover, it is future-directed. The choice of N gives us an 
orientation in TpM: given a base {u,v} of TpM, we say that it is positive oriented if {u,v, N{p)} 
is a positive oriented base of Ef , that is, det{u, v, N{p)) > 0. 

The orientation on M defines an orientation on the boundary dM: given u G TpdM, we say that 
it is positive oriented if {u, v} is a positive oriented base of TpM, where v is the interior conormal 

vector. 

The same argument shows that for timelike surfaces, there is defined locally a Gauss map. 



3.2 Mean curvature of non-degenerate surfaces 

We distinguish the cases that the surface is spacelike and timelike. 
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The spacelike case. 

Let a; : M — > Ef be a spacelike immersion of a surface M and lot N be its Gauss map (pointing to 
the future). Let X be a vector field to M. We denote by V° and V the Levi-Civitta connections 
of E^^ and M respectively. Moreover, 

where the second term denotes the tangent part of the vector field VjfF. We define the second 
fundamental form of x as the tensorial, symmetric map a : X(M) x X{M) X{M)-^ by 

The Gauss formula is 

= VxY + a{X,Y), 

where X and Y are tangent vector fields to M. If Z is a normal vector field to x, we denote by 
Az{X) the tangent component of —V%-Z, that is, 

Az(X) = -(V^Z)^. 

We have 

{Az{X),Y) = {aiX,Y),Z). 

The map Az : 3C{M) — > 3£(M) is called the Weingarten endomorphism associated to Z. Also, 
the map Az is linear and self-adjoint with respect to the metric of M. If we take Z = N, and 
because (V^A?^, A^) = 0, we have An{X) = — V^A. We say that A := An is the Weingarten 
endomorphism of the immersion x. We have then {AX, Y) = {X, AY). If X,Y G 3£(M), 

a{X, Y) = y), A)A = -{A{X),Y)N. 

V%Y = WxY-{A(X),Y)N. 

As a consequence, the Weingarten endomorphism is diagonalizable, that is, if p G M, the map 
Ap : TpM — > TpM defined by Ap{v) = {AX)p, where X e 3£(M) is a vector field that extends v, is 
diagonalizable. The eigenvalues of Ap are called principal curvatures and they will be denoted by 

A,(p). 

We define the mean curvature vector field of the immersion as 

H = ^traza(ij). 

Let {Ei,E2} be an orthonormal local vector fields. Then 

H = ^tva,za^{a) = ^{a{EuEi) + a{E2,E2)) = 

= -^{{AEuEi) + {AE2,E2))N = ( - ^trazaA 



A. 



If we want to have a identity H = HN, we define the mean curvature of the immersion as the 
function 

H = --traza {A). 
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In particular, if H ^0, then H is future-directed since {H, H) = —H"^ < 0. 

We compute the curvature tensor of M. As the curvature R^ of Ef vanishes, the Gauss equation 
says 

R{X, Y)Z = -{AX, Z)AY + {AY, Z)AX. 

The Ricci curvature is 

2 

Ric(X,y) = = {AX,AY) + 2H{AX,Y). 

i=l 

The scalar curvature is 

p = traza(Ric) = -4iJ^ + trace(^^). 
As p = 2K, where K is the Gauss curvature, then 



K = -2H'' + 



2 traza(A^) 



The timelike case. 



Let X : M ^ be a timclikc immersion, that is, the induced metric on M via x is a non-dcgcncratc 
metric of index 1. The surface is locally orientable: now is a spacelike unit vector field and N 
is defined as A' : ?7 C M — > S^. Let us recall that there is not a Cauchy-Schwarz inequality for 
spacelike vectors. 

Because it is possible, at least locally, to define N, we can do a similar development as the one for 
spacelike immersions. With the above notation, wc have 

V'^y = yxY + a{X,Y)=VxY + {a{X,Y),N)N 
= VxY + {AX,Y)N. 

The Weingarten map A is self-adjoint again, that is, 

{AX,Y) = {X,AY) X,YeX{M). 

The difference now is that Ap can be not diagonalizable-'^. 

However, we define the mean curvature and the Gauss curvature in the same way as the one for 
spacelike surfaces, that is, 

H = - traza /cr, K = det/(0-), 

where the subindex / denotes that we compute with respect to metric of the surface. For example, 
if {Ei,E2} is an orthonormal tangent vectors fields, with E2 a timelike vector, then 

H=^ (a{Ei,Ei) - a{E2, ^2)) , K = a{Ei,Ei)a{E2,E2) - a{Ex,E2f. 

The De Sitter space §i(r) is an example of a timelike surface. We compute the mean curvature 
and the Gauss curvature. Since N{p) =p/r, then dNp{v) = v/r. This means that 

ap{u.v) = -{u,v). 
r 



self-adjoint endomorphism with respect to a metric that is not positive definite can be not diagonahzable. 
Exactly, the matrix of Ap with respect to an orthonormal base can be not symmetric. 



3.3. LOCAL COMPUTATIONS OF CURVATURES 
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Therefore 

H=-, K 



3.3 Local computations of curvatures 

Let X be a spacclikc immersion and let X = X{ti^v) be a local parametrization. Let be 
a local base of the tangent plane at each point. Let us recall that the first fundamental form is the 
metric on T^M, that is, 

Ip = (,)„: TpM X TpM R 
Ip{u,v) = {u,v)p. 
E F 



With respect to the base B = let ( ^ ^ j be the matricial expression of /, where 

E = {Xu,Xy), F = {Xu,Xy), G={Xy,Xy). 

The metric is positive definite if and only if 

det(/) =EG-F^>0. 
If the immersion is timelike, then EG — F^ < 0. We take the normal vector field given by 

Xu X Xy 



\Xu X Xy\ 

The second fundamental form at p is 



CFp : TpM X TpM 



(jp{u,v) = -{{dN)p{u),v) = {Ap{u),v). 

e / 



Let f ^ J \ he the matricial expression of a with respect to B, that is, 



e = -{Xu,Nu) = {N,Xuu) 

f = -{Xu,N,)^-{X,,Nu) = {N,Xuv) 

g = -{Xy,N,)^{N,Xyy) 



If a, 6 e TpM (in coordinates with respect to B), we have 

e f \, tf E F 
f f r-"" \ F G 



a' 



Thus 

A = 



E F \ W e f 



F G \ f f 
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The mean curvature and the Gauss curvature are 

leG- 2fF + gE 



H = 
K = - 



2 EG-F'^ 
eg-P 
EG-F'^ 



In the case that the surface is timehkc, the formulas only change of sign. 

In order to show the difference between the spacelike and timelike case, we are going to study a 
timelike surface whose Weingarten endomorphism is not diagonalizable. The surface is a ruled 

surface. Let a : / ^ be a lightlike curve and wc denote by {T, N, B} the Frenct trihedron. 
The binormal vector is a unit spacclike vector. We consider the map X : / x M ^ given by 

X{s,t) = a{s)+tB{s). 

We compute the matrix of Ap with respect to the metric {Xg, Xt}. Since Xg = T + fB' = T — frN 
and X( = B, then 

iV^ 1 

1 

As the determinant is negative, the surface is timelike. We compute the coefficients of the second 
fundamental form. For this, we have 

X,s = {l-tT^)T + {l-tT')N + tTB, X,t = -TN, Xtt = 0. 

Then the second fundamental form is 

-l + t(-r + T'+iV) T 



T 

The Weingarten endomorphism is now 

A-( ^ 

^ ~ 1^ -1 + ir(-l + (-1 + i)ir2) + tr' r 

This matrix is not diagonalizable. On the other hand, the mean curvature is H = t and the Gauss 
curvature is K = t'^. Finally, let us see that this surface satisfies H"^ = K but it is not umbilical. 



3.4 Umbilical surfaces 

In this section, we find all (spacelike or timelike) umbilical surfaces of . Let a; : M — > Ef be a 

spacelike or timclike immersion. 

Definition 3.4.1. A point p G M is called umbilical if 

ap{u,v) = X{p){u,v), 

that is, the second fundamental form is proportional to the metric. In the case that the immersion 
is spacelike, this is equivalent to say that Xi{p) = A2(p). A surface is called totally umbilical if any 
point is umbilical. 



3.4. UMBILICAL SURFACES 
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Let a; be a spacelike immersion. As 
where A, are the eigenvalues of A. Then 

Thus in a spacclikc surface it holds + i^T > and it is zero if and only if the point is umbilical. 
On the other hand, the principal curvatures are 

Xi = -H± ^/iFTk. 

We consider the next examples of umbilical surfaces: 

1. A spacelike or timelike plane P = po+ < v \v\ = 1, satisfies N = v. Then dN = 0, and 
the surface is totally umbilical with Ai = in the case of spacelike planes. 

2. Let (r,po) be the hyperbolic plane 

H^(r,Po) = {p e E?; (p - po,p- po) = -r^, z > 0}. 

Then N{p) = p/r and dNp{v) ^ v/r. Then the surface is totally umbilical with Aj = — 1/r. 

Here H = l/r and K = -1/r^. 

We justify the name of hyperbolic plane to the surface H^. For each point p G and 
V e TpM^ with \v\ = 1, we define the curve a{s) = cosh(s)p + sinh(s)t;. Then a{s) e H^, 
with a(0) = p and a'{0) = v. Because a"{s) = a{s), the tangent part of the acceleration 
vanishes, that is, a"(s)-^ = 0. This means that a is a geodesic. Because the tangent vector v 
is arbitrary, all geodesic starting from p are written as above. As a is defined for any s e R, 
the surface is complete. Then is a complete, simply connected surface with constant 
curvature K = —1. A classical result in Differential Geometry assures that is isometric 
to the hyperbolic plane. 

3. Let Si(r,po) be the De Sitter space 

§?(r,po) = {pe Ef; {p - po,P - Po) = r^}. 

Then A^(p) = p/r and dNp{v) = v/r and so, the surface is totally umbilical. Here H = l/r 
and K = l/r^. 

Theorem 3.4.2. The only totally umbilical surfaces in Minkowski space are planes, hyperbolic 
planes or De Sitter spaces. 

Proof: We work in a coordinate neighbourhood and let X = X(u,v) be the corresponding 
parametrization. As the surface is totally umbilical, there is a smooth function / such that 



{NoX)^ = {foX)X, 
{NoX), = {foX)x, 
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A differentiation with respect to u and v yields 

(/ o X^X, + if o X)X,,,, = if o X)^Xu + if o 

Thus {foX)u = {foX)y. This means that / is a constant function in a coordinate neighbourhood, 
that is, f o X = r, r gR. Since the surface is connected, / o X = r on M. 

1. If r = 0, then = Ny, that is. A'' is constant. This shows that the surface is a plane. 

2. If r ^ 0, then Ny, = rX„ and Ny = rXy. We define in a neighbourhood the function 

h{u,v) = X{u,v) - -{N o X){u,v). 
r 

Then hu = hy = 0. This means that h is constant. Thus there exists po € such that 

X{u,v)-^{NoX){u,v)=po. 

Then ^ 

{X ~ po,X - Po) = T-^, 

with the sign depending if the surface is spacelike or timelike, respectively. Anyway, the 
surface is a hyperbolic plane or De Sitter space. 

□ 

3.5 Exercises 

1. Show that any timelike surface is locally a graph on the plane {y = 0} or the plane {x = 0}. 

2. Let M be a spacelike surface in Ef and p G M. Show that if K{p) < 0, there exists a 
neighbourhood of p where the surface lies in one side of TpM. If K{p) > 0, then in any 
neighbourhood of p there are points in both sides of TpM. 

3. Compute K and H for the next surfaces 

• x"^ + y"^ = 1. 



Chapter 4 



Spacelike surfaces with constant 
mean curvature 

We characterize constant mean curvature (CMC) spacelike surfaces as solutions of a variational 
problem. We state the maximum principle and we compute the Laplacian of two functions. The 
statements of results are similar as in Euclidean space. However, and as we will see in the next 
chapter, the consequences are strong different. 

4.1 The variational problem 

The results that we are going to obtain are similar than in Euclidean space with minor modifica- 
tions. 

Let M be a surface and let a; : M — > be a spacclikc immersion in eJ. a variation of x is a 
differentiable map X : (— e, e) x M ^ E^ that satisfies the following properties (see figure 4.1): 

1. X{0,p) = x{p), \/p€M. 

2. The maps : M — > Ef given by Xt{p) = X{t,p) are spacelike immersions for each t € 

3. If M is a compact surface [dM ^ 0), we suppose that X{t,p) = x(p) for p G dM. This 
condition means that the immersions of the variation leave pointwise fixed the boundary of 
M. 

We define the variational field throughout X as 

f (t,.):=m(..)(|,0). 
At f = 0, we define variational vector field of the variation X as 
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Figure 4.1: A variation of an immersion x. 

The variational vector field is called normal if it is orthogonal to each tangent plane, that is, 
^{p) J-TpM, pe M. Thus we write 

= f{p)N{p) 

for some smooth function / in M. 

From now, we suppose that M is a compact surface. We define the area functional as 

A{t) - / dAt, 

J M 

where dAt is the area element on M induced by the metric X^{{,)). At t = 0, the value A(0) 
agrees with the area of x{M). 

We define the volume functional as 

V{t)^ \ f {Xt,Nt)dAt, 

where Nt is a unit normal vector field to the immersion Xt- The value V{t) represents the enclosed 
volume by the cone whose base is Xt{M) and vertex the origin of coordinates. In Euclidean ambient 
and in the case that the surface is closed, V{t) is the volume enclosed by the domain Xt{M). 

Because = TpM © TpM-^, we decompose the variational vector field ^ as 

m = apf + f{p)N{p), f e c°^{M). 

For the tangent part £,{p)'^ , there exists ^' G X(M) such that (dx)p^'{p) — ^{p)'^ ■ The map A{t) is 
differentiable at t — Q. Moreover 

A'(0) = -2 / {Hf)dA- f iC',,^) ds, 

where H is the mean curvature of the immersion and v is the unit conormal vector field along dM . 
Since the variation X fixes the boundary the second summand vanishes (if p G 9A/, the map 
1 1 — > X{t,p) is constant, and then, 1 1 — > ^{t,p) is 0). 

Theorem 4.1.1. Let x : M E\ be a spacelike immersion and let X he a variation of x. The 
first variation of the area is 

A'{0) = 2 / [Hf) dA. (4.1) 



4.1. THE VARIATIONAL PROBLEM 
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For the volume functional and for variations that preserve the boundary, we have the next formula 

^'(0) = - / fdA. (4.2) 
Jm 

If the variation preserves the volume, then the function V{t) is constant and so, V'{0) = 0. Then 

Jj^^ f dA = 0. Conversely, one can prove that if / e C°°(M) satisfies / dA = 0, then there is a 
variation X that fixes the boundary and whose variational vector field is fN. 

Theorem 4.1.2. Let M be a compact surface and letx:M^I^ be a spacelike immersion in £f . 
Then x has constant mean curvature if and only if t = is a critical point of the area functional 
for any volume preserving variation of x that fixes the boundary. 



Proof: Suppose that x has constant mean curvature H. Let X be a variation of x that preserves 
the boundary and the volume of x. Then V'{Qi) = and so, f dA = 0. Since H is constant, 
the equality (4.1) writes as 

A'{0) = 2 [ Hf dA = 2H [ f dA = 0. 
Jm Jm 



For the converse, let H be the mean curvature of x and let c e M be the number defined by 

A{M) := area(a;(M)). 



A{M) 



We consider the function f = H — c. Since / dA = 0, we know that there exists a volume 
preserving variation that fixes the boundary and with variational vector field fN. From (4.1) we 
have 

= A'{Q) = 2 f {H-c)f dA = 2 [ {H - cf dA. 

Jm Jm 

Thus H — c = 0. that is, H is a constant fimction. □ 



It is possible to do a new variational characterization for CMC surfaces with variations that do 
not fix the volume of the immersion. Exactly, let X be a variation of a spacelike immersion x that 
fixes the boundary of M. Given c e K, we define the functional Jc by 

Jc{t) = A{t) + 2c V{t). 

Then 

J^(0) = A'{0) + 2cV'{0) = 2 [ {H -c)f dA, 

Jm 

where = fN. 

Theorem 4.1.3. A spacelike surface has constant mean curvature if and only if there exists c e M 
such that Jc(0) = for any variation that fixes the boundary. 



Proof: If H is constant, then J^(0) = 0. Assume now that there is a number c such that Jc(0) = 0. 
We use Theorem 4.1.2: let X be a variation preserving the volume and the boundary. Because 
V'{0) = 0, then = J'c(O) = A'{0). □ 
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4.2 The maximum principle 

In this section we state the maximum principle for spacehke surfaces with constant mean curvature. 
The maximum principle is a consequence from a result of partial differential equations theory, 
named the maximum principle again. Because its fundament is part of this theory, we are not 
going to do a proof of the result: our setting is a particular case. Moreover, the next presentation 
holds in Lorentzian as well as Euclidean ambient. The maximum principle is used to "compare" 
two surfaces that have the same mean curvature. 

Let Si and 5*2 be two surfaces that are tangent at a common point p G SiH S2. Suppose that one 
of the surfaces, for example Si, lies below the other one around the point p. Exactly we consider 
both surfaces as graphs of smooth functions ui and U2 on a domain of the common tangent plane 
TpSi = TpS2- After an isometry, we assume that TpSi is the horizontal plane z = (here we use 
the spacelike condition). We take orientation in both graphs in such way that they agree at p, that 
is, Ni{p) = N2{p). In such situation, we say that Si lies below S2 if wi < M2 in a neighbourhood 
of p in the tangent plane. We write then Si < S2 (or 5*2 > Si). 

Even in the case that p is a boundary point, we have the next definition (see figure 4.2) 

Definition 4.2.1. Let Si and S2 be two spacelike surfaces in E^, with p £ Si H S2 and such 
that Ni{p) = N2{p). We say that Si < S2 around p if, when we write the surfaces as graphs 
on the common tangent plane. Si — graph (ui), we have ui < U2 in a neighbourhood of p. If 
p € dSi n dS2, we add the condition TpdSi — TpdS2- 



It is easy to show that if ui < U2, then Hi{p) < H2{pY ■ In the literature this result is called 
sometimes the comparison principle. 

As an example to apply the comparison principle is the following. Let S' be a surface with constant 
mean curvature H ^ such it appears in the figure 4.3. We want to know if with the orientation 
pointing upwards, the mean curvature is positive or it is negative. In the lowest point of 5*, we take 
the tangent plane P. Then P < S. The plane P has zero mean curvature (independently of the 
orientation). On P we take the orientation pointing upwards. Then P < S and the comparison 
principle yields < H{p). As H ^ {), then H{p) is positive, and as H is constant, > in S. 

^ After a change of coordinate, we suppose that p = (0, 0, 0). This means that dui/dx and dui/dy vanish at p. 
If we define the function f = U2 — ui, the point p is a minimum of /; in particular, the hcssian D^f{p) is positive 
semi-definite and its trace satisfies 2{H2{p) — Hi(p)) > 



N(p) 



N(p) 




Figure 4.2: Tangent point between two surfaces, with S'l < 6*1. 



4.2. THE MAXIMUM PRINCIPLE 
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N(p) 




H>0 



Figure 4.3: The comparison principle 



The maximum principle refers to the fact that if two surfaces with the same mean curvature, one 
of them lies below the other one, then both surfaces agree in an open set around p. 

Theorem 4.2.2 (Maximum principle). Let Si and S2 be two spacelike surfaces with a common 
(interior or boundary) tangent point p. Suppose that Si < S2. If the mean curvatures agree and 
are constant, then Si — S2 in a neighbourhood of p. See figure 4-4- 




Figure 4.4: The maximum principle. 

We are going to indicate how the proof works (the same argument holds for CMC surfaces in E'^). 
Let S be a graph of a function u, that is, S = {{x,y,u{x,y)); {x,y) G fi}, where u S C°°{^1) and 
f2 is a domain of R^. Consider in S the induced metric from or E"^. In the first case, if the 
surface is spacelike, the function u satisfies |Dit| < 1 in fi. We consider the orientation N that 
points upwards. Then N writes as 

(^e£M)^ 

^l + e\Du\^' 

where e = 1 is the surface lies in E'^ and e = — 1 if it is in EJ. Then the mean curvature H is 

2 \^l + e\Du\^) 

This equality writes as 

(1 + eul) - 2eu^UyU^y + (1 + eul)uyy ^ 2He{l + t[u\ + ul)f^'^. 
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This is a partial differential equation, and we put 

Qu :=^aij{x,y,Ux,Uy)DijU + b{x,y,Ux,Uy) DijU = ■ 

ij ' ^ 

From the PDE theory and in order to classify Q, it is necessary to study the matrix A = {uij) of 
the coefficients of second order. In the above case, such matrix is 

/ 1 + eul -eUxUy \ 
\ -eUxUy 1- eul j' 

This matrix is positive definite because 

= l + e|£>u|2 > 0. 

This means that Qu = is an elliptic equation. See that this is immediate if e = 1, but if 
e = — 1, the spacelike condition is basic. Linear elliptic equations have the property that satisfy 
a maximum principle in the sense that if two functions satisfy the same equation (and the same 
boundary conditions), then both solutions agree. 

In our case, Q is not linear on the variables Duij . Exactly, an equation of type Qu = is called a 
quasilinear equation. The reason is the following: if ui and U2 satisfy the same equation Qui = 0, 
the difference function u = ui — U2 satisfies a linear elliptic operator, that is, 

Lu := Q{ui) - Q{u2), 

and L is a linear operator. Then we can apply the maximum principle to the function u. This 
proves Theorem 4.2.2 




4.3 Two equations for CMC spacelike surfaces 

In this section we compute the Laplacian of two functions associated to a spacelike immersion. 
Let X : M — > Ef be a spacelike immersion and let a e Ef. We are going to compute A{x,a) and 
A(A^, a), where A is the Laplace operator in (M, (, )). The Laplacian of a function / e C°°{M) is 
defined as 

A/ = divV/ = traza (v > — > V„V/j . 

We compute Af{p), p G M hy taking an adapted orthonormal base at p, that is, an orthonormal 
base of tangent vector fields {Ei,E2} such that VEi{p)Ej = 0, i,j G {1,2}. In order to emphasize 
that the computations are done at p, we indicate = Ei{p). With respect to this base, the 
Laplacian is 

2 

A/(p) = ^e,(i;,(/)). 
In the case of A{N, a) we suppose that the mean curvature is constant. 



4.3. TWO EQUATIONS FOR CMC SPACELIKE SURFACES 
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1. Let / = (a;, a). Then Ei{f) = (Ei, a) and at the point p we have 

ei{Eiif)) = e,{E„a) = {Vl^E^a) = {Ve.Ej + a{e„ej),a) 
= {a{ei,ej),a) = -{Aei,ei){N,a). 

Thus 

2 

A(x,a) = -(^(Aei,ei)(iV,a) = 2ir(iV,a). 

2. Suppose now that H is constant. First we show that J2i=i ^e-i^B orthogonal to the 
surface, that is, 

2 

E('^e.V^,iV,efc)=0, fc = l,2. (4.3) 

i=l 

Since {N,Ek) = 0, then {V%N,Ek) = -{N,V%Ek). Therefore 

(vo vi,Ar,efe) + (v°,7v, v" i;^) = -(v°,7v, v" i;^) - (AT, v" v",^;^). 

As Ve^AT is tangent and VgiEk = 0, then 

The metric in is flat and this means Vg.V^^E'i = Ve^V^.-Bj. By substituting in the 
above equation, we obtain: 

{V%y%M,ek) = -{VlV%Ei,N), 

and 

2 2 

E(^e.V^,Ar,efe) = -(V°,(5] V"^,i;,),7V). (4.4) 

The same computation holds in Euclidean space. As above, we use e to distinguish the two 
ambient spaces. The mean curvature is 2H = eX^f=i(Vg.-Bi, -/V). Because H is constant, 

2 

ek{^'^lEi,N)=0, 
1=1 

that is, 

i=l i=l 

The second summand vanishes since that the left part is orthogonal to the surface and the 
right one is tangent. From (4.4), 



i=l 

and we have proved the claim. 



46 



CHAPTER 4. SPACELIKE SURFACES WITH CONSTANT MEAN CURVATURE 



On the other hand, 

2 2 2 

E(^e.V|,Ar,Ar) = -J2{'^lN,VlN)=-J2{^euAei) (4.5) 

i=l i=l i=l 

2 

= -^(A^ei.ei) = -trace (A^). (4.6) 

From (4.3) and (4.6), we conclude 

2 

A(iV,a) = E£;»(i;^(A^,a)) = -e traza (^2)^jv,a). 

i=l 

We summarize the above computations in the next 

Theorem 4.3.1. Let x : M ^ E\ be a spacelike immersion and let N he an orientation on M . 
Given a G I^, we have 

A{x,a) = 2H{N,a). 

Here H is the mean curvature of the immersion. Furthermore, if H is constant, then 

A{N,a) = trace{A^){N,a). 

Finally, recall that 

trace {A^) = AH^ + 2K, 

and that H^ + ii' > in any point of the surface. Moreover H'^ + K = only at the umbilical 
points. Thus, the last equation writes as 

A{N, a) - {AH'^ + 2K){N, a) = 0. 

In the case that the immersion arrives into the Euclidean space E^, the last equation is A(7V, a) = 
— traza(A^)(A^, a), o A{N,a) + (4iJ^ — 2K){N,a) = 0. As consequence, we write the equation in 
both ambients as 

A{N, a) + e{AH'^ - e2K){N, a) = 0. 



Chapter 5 



Compact surfaces with constant 
mean curvature 

The focus of this chapter is the family of compact surfaces with constant mean curvature. In 
particular, the boundary is a non-empty set. If C C Ef is a curve in the ambient space, we say 
that an immersion a; : M — > has boundary C if the restriction map x^qm is a diffeomorphism 

between dM and C. 

It is important to recall that if C is a simple, planar, closed curve, then a; is a graph on the enclosed 
domain by C. 

This chapter has two parts. The first one obtains consequence of the maximum principle for this 

kind of surfaces. The second one refers to the Dirichlct problem for the constant mean ciirvature 
equation. In both cases, the results obtained are different depending on the ambient space. In this 
sense, it is a bit surprise because the theoretical framework is the same for both kind of surfaces. 

5.1 Consequences of the maximum principle 

In this section, we consider a spacclike immersion x : Ad ^ with constant mean curvature, 
where M is a compact surface and C C E^ is the boundary of the immersion. We say M, x or 
x{M) . We denote by (r) the hyperbolic plane of radius r and orientation according to the future 
direction. We know that its mean curvature is H = 1/r. 

Theorem 5.1.1. If M is a compact CMC spacelike surface with H ^ and boundary included in 
a plane P, then the surface lies in one side of P. 

Proof: Without loss of generality, let P be a horizontal plane and assume that H > 0. We are going 

to show that the surface lies below P. By contradiction, we assume that there exist points above 
P. We take a horizontal plane in the highest point and tangent to the surface. The comparison 
principle gets a contradiction. □ 

Let us see that the boundary of M can have some connected components and that M can be not a 
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graph. With the same reasoning, and assuming that the boundary is not a planar curve, we have 

Corollary 5.1.2. Let M be a spacelike surface with H = and with boundary dS = C. Then M 
lies included in the spacelike convex hull of C. 

Proof: It is suffices to compare the surface with planes. Because there are not interior contact 

points (both surfaces have the same mean curvature H = with any orientation), the plane can 
move until to arrive the boundary. We point out that the spacelike convex hull of C is the convex 
hull but using only spacelike planes. □ 

The next result says us that two graphs with the same mean curvature and the same boundary 
agree. This is a consequence of the maximum principle of a solution of a quasilinear elliptic 
equation. However, wc are going to do a "geometric" proof of this result. 

Theorem 5.1.3. Let C be a curve in (not necessarily a planar curve). If Si and S2 are two 
graphs with the same mean curvature and the same boundary C, then Si = S2- 

Proof: We suppose that the surfaces are graphs on a horizontal plane P. Let Si and we move it 
vertically upwards until it does not touch 5*2 (this is possible because both surfaces are compact). 
Next, wc descend iSi until the first time that it touches ^2. If there is an interior tangent point 
p e 5*1 n 5*2, this can not occur before returns to its original position. Because both surfaces 
have the same mean curvature and Si> S2, the maximum principle says that both surfaces agree 
around p. By connection. Si = S2- 

If the contact point is a boundary point, this means that has returned its original position and 
S2 < Si. There are two possibilities: 

1. If the contact point is a tangent point, the maximum principle concludes that Si = S2 again. 

2. On the contrary, the slope of along C is strictly bigger than the one of 6*2. Now wc descend 

until it does not touch ^2. Next, we move it upwards. Since in its original position, 5*1 lies 
strictly above S2 along C, then there exists an interior tangent point between 5*1 and 5*2 at 
some time t before the original position. If we denote by {t) the surface Si at this position, 
the maximum principle yields Si{t) — S2. But this is impossible because dSi{t) ^ C = dS2. 
This contradiction says that this situation can not occur. 

□ 

For the next result, we need to introduce the concept of hyperbolic cap. If ii, r > 0, a hyperbolic 
cap is defined by 

C{r; R) = {pe E?; x'^+y^-z^ = -^^ z>0,z'^<r^ + R^} C tf(r). 

This surface is spacelike with mean curvature H = 1/r with the upwards orientation, that is, 
N{p) = p/r. The boundary of C(r; R) 

dC{r; R) = {pe C{r; R); =r'^ + R^} 

is a circle in the spacelike plane {z = 

Corollary 5.1.4. Let C be a circle in that is, a planar, closed spacelike curve with constant 
curvature. Then the only spacelike CMC surfaces with boundary C are planar discs and hyperbolic 
caps. 



5.1. CONSEQUENCES OF THE MAXIMUM PRINCIPLE 
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Proof: Because C is a simple closed curve, the surface must be a graph. After an isometry, we 
assume that the plane containing C is a horizontal plane. Let S be a graph with mean curvature 
H and dS — C. Then 5* is a graph on the domain bounded by C. li H = 0, the planar disc that 
bounds C is a graph with H ^ 0. By the uniqueness of Theorem 5.1.3, is a planar disc. 

Let H ^ 0. We have only to show that there exists a hyperbolic cap with mean curvature H 
and boundary C. Assume that the radius of C is R. Then the cap that we are looking for is 
Cijj;R). □ 

Remark that the above result is not true in the Euclidean ambient, that is, there are compact 
CMC surfaces with circular boundary that are not umbilical. These surfaces are not embedded 
with higher genus. However, it is an open problem to know if planar discs and spherical caps are 
the only CMC surfaces with circular boundary that are embedded or are topological discs. 

The above result can be proved using the Alexandrov reflection method^. 

Theorem 5.1.5. Let S be a compact CMC surface with boundary C included in a plane P. If S 
makes constant angle with P along C then S is a domain of P or C is a circle and S is a hyperbolic 
cap. 



Let us see that dS can have some connected component and that S is not necessarily a graph. 

Proof: Let denote by Q the domain bounded by C in P. If _ff — 0, the comparison principle asserts 
that S can not have points in both sides of P, that is, S = fl. 

Suppose that H 0. After an isometry, we take P as a horizontal plane. We know that S lies in 
one side of P; exactly, ii H > 0, S lies below P. If C = Ci U . . . U C/t is the decomposition into 
connected components of C, we attach to S appropriate domains fli to get that SU {ili U . . . U 
is a closed (non-smooth) surface M. Let W be the domain that encloses M. See figure 5.1. 




Figure 5.1: The surface M and the domain W. 



Let u be a horizontal direction. We take the family of orthogonal parallel planes to v, that is, it is 
a family of vertical, parallel planes. The symmetry with respect to these planes are isometrics of 
E^, because the corresponding matrix with respect to the usual base is 




We suppose that v = (0, 1,0), so we can talk of "right" and "left". We take a plane of the family 
far away from S and on the right of S. By moving on the left in the direction given by v we arrive 



Alexandrov showed with this technique that the only closed embedded CMC surfaces of are round spheres. 
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until the first contact point with M . After this moment, we move a httle on the left and we reflect 
the right side of S with respect to the plane. The reflected surface lies in W. 

We follow moving the plane on the left and reflecting the right part of S. Because S is compact, 
there would be a first time t such that the reflected surface touches the left part of S at some point 
p. We denote by Qt this plane, and S^"*" each one of the left and right parts of S and let be 
the reflection of with respect to Qt- It can occur three possibilities (see figure 5.2): 

1. If p e Sf^nS^ is an interior point of both surfaces, the maximum principle says that = S^, 
that is, Qt is a plane of symmetry of S. 

2. If p e SfT n St is a point of dSf^ — dSt, we apply the maximum principle, in its boundary 
version. 

3. If p G St^ n St and p G C, then both surfaces are tangent since the surface makes constant 
angle with P along C. The maximum principle (in its interior or boundary version) says us 
that Qf is a plane of symmetry again. 




Figure 5.2: The Alexandrov reflection method. 

Because the vector v is arbitrary, we have proved that given any vertical plane there exists other 
parallel plane which it is a symmetry plane of the surface. Since the surface is compact, we have 
showed that the surface is rotational with respect to a vertical straight-line. 

Moreover, and from the proof, we deduce that the planes Qt are planes of symmetry of C and the, 
C is a circle. Because the hyperbolic caps are the only CMC surfaces with circular boundary, our 
surface S must be a hyperbolic plane. □ 

In Euclidean ambient there is not true the above result. It is necessary to add some extra hypothesis 
to assure that the surface is a planar domain or a spherical cap. For example that: i) the surface 
is a topological disc or; ii) the surface is embedded and lies in one side of the boundary plane. 



5.2 The Dirichlet problem: the EucUdean case 

The Dirichlet problem for the constant mean curvature equation is the following. Let C be 
a domain, ip e C°(9r2) and iJ e M. We ask for a solution u = u{x, y) of the equation 



div- 



Du 



- \Du\^ 
in 9r2. 



2H on 
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The first equation also writes as 

(1 - U^)Ua;X - 2U^UyUxy + (1 - u1)Uyy 2H (l + + Uy)^/^. 

The surface z = u{x, y) has mean curvature H with the upwards orientation 
Moreover, the boundary of S is the curve formed by the graph of (p. 

Prom now, we suppose that <^ = 0, that is, the boundary curve of the surface is included in a 
horizontal plane. 

We use the continuity method to solve the problem. For this, we define the set 

div -°" = 2i e^Vt ^ 
A= <t€ [0,H]; existe una solucion del problema y/^+lDui^ L 

M = cn dfl J 

This set is not empty since G A: it suffices to take u = 0. If we prove that A is an open and 
closed set of [0, H], then A = [0, H]. In particular, H G A. 

The study of the openness of ^ is a consequence of the Implicit Function Theorem. Exactly, for 
each immersion x and u € C^{M) we define xt{p) ~ exp^fj,-j{tu{p)N{p)). For t closed to 0, Xt is 
an immersion. Let H be the mean curvature. Moreover, 

I Hixtip)):=J{u){p), 

att=o 

where J is the Jacobi operator given by 

J = A + 4H^ - 2K. 

Then J{N, a) = with (A^, a) > 0. This means that J is a Frcdholm operator of index 0. The 
Implicit Function Theorem between Banach spaces asserts that the map x i — > H{x) es invertible, 
that is, if Iq is the mean curvature of a graph, there exists a neighborhood {to — e, to + e) of t such 
that there exist graphs with mean curvature s with s e (to — e, to + e)- In particular, to is an 
interior point of A. 

The proof of the closeness of A is a consequence to obtain a priori C° and estimates of a 
solution, that is, of \u\ and \Du\. When we say a priori we mean that given a solution u, we have 
to find a constant M, depending only on the initial conditions {Q. and H) such that \Du\ < M. 

First, one can assure that there are C° estimates, that is, a priori bounds of We take the 
upwards orientation, that is, {N,a) > 0, with a = E3. Assume that H > 0: this means that the 
surface lies below the plane containing the boundary. By Theorem 4.3.1, we have 

A(^H{x,a} + (A^,a)) = -2{H'^ - K){N,a) < 0. 

The maximum principle for elliptic equations asserts that 

H{x, a) + {N, a) > mm{H(x, a) + {N, a)) = mm{N, a) > 0. 



52 



CHAPTER 5. COMPACT SURFACES WITH CONSTANT MEAN CURVATURE 



By using that X3 := {x, a) < 0, we have proved that 

Hx3 > -{N, a) > -1 =^ 0> X3> 

This height bound depends only on H. Since |u| measures the height of the graph of u, the above 
computation can read as 

Proposition 5.2.1. Let P be a plane and H G M.. Given a graph S on P with constant mean 
curvature H and boundary included in P, the height of the graph is less than 1/\H\. 

This means that, given a plane and a number H, the heights of the graphs with mean curvature 
H and boundary in the plane, have bounded heights. 

We now study the estimates. First, we claim that it suffices to find bounds of \Du\ along d^. 
Exactly, we are going to prove that 

max \Du\ = max \Du\. 
n ' ' an 

Prom the expression of the Laplacian of the function {N, a), we have 

A{N, a) = -(4if2 - 2K){N, a) < 0. 

Then 



This means that 



Then we obtain the claim. 



{N,a) > mm{N,a). 



1 . 1 

> mm ■ 



^l + \Du\^ ^l+\Du\' 



As a consequence, we want to estimate \Du\ only along dfl, that is, along the boundary curve of 
the surface. We write this in geometric terms. Let a be a unit vector orthogonal to the plane 
containing the boundary. Let f be the interior conormal vector along dS. If H > 0, the surface 
lies below the plane. Moreover, 

{u,af + {N,af = l. 



If ^ = minaM(z^, a) > —1, then 



max \Du\ = — - 



an Vl - ,52 

Let us see that {v, a) measures the slope of the surface with respect to the plane containing the 
boundary. Therefore, we have to find a maximum slope of the surface along the boundary. 

An example of the above scheme is the following 

Theorem 5.2.2. Let CI be a convex domain included in a plane P and let k be the curvature of 
dil. If H G M. satisfies k > H > 0, then there exists a graph on fl with mean curvature H and 
boundary dfl. 



5.3. THE DIRICHLET PROBLEM: THE LORENTZIAN CASE 
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Proof: Let ri , ro be two positive numbers such that 

K> — > — > H. 
n ro 

Let K he a. half-sphere of radius ro such that K c {z <0}, dK c P in such way that O c Oi, fii 
being the domain that boimds dK in P. This is possible since tq > Wc move upwards K a 
httle in such way that in the new position, K' , the intersection of K' with P is a circle of radius 
ri and containing in its inside f2. All this depends only on H and O. Let K* be the spherical cap 
formed by the part of K' below P. This surface has the following properties: 

1. It is a graph on P. 

2. The circle dK* has the property that can roll in such way it touches each one of the points 

of ao. 

3. The mean curvature of K* is 1/ro, which is bigger than H. 

Let G be a graph on Q. with mean curvature H and dG = dfl. We move downwards K* until it 
does not touch G. Next, let us move upwards. By the maximum principle, K* comes back to its 
original position without to contact with G. Moreover, we can move in horizontal direction in such 
way that it touches each point of dG with to be a tangent point. As a consequence, the slope of 
G is less than the one of K*, obtaining the desired estimates. 

□ 



5.3 The Dirichlet problem: the Lorentzian case 

In Lorentz-Minkowski space, the corresponding Dirichlet problem is the following 

Du 

div , = = 2H on O, 

V^-\Du\^ 
\Du\ < 1 on dn. 

u = in dft. 

The condition \Du\ < 1 indicates that the graph is spacelike. The first difference with the Euclidean 
case is that the a priori estimates obtained in the Proposition 5.2.1 do not hold in our setting. 

Proposition 5.3.1. Let P be a plane and 77 € M. There exist graphs with constant mean curvature 
H, whose boundary lies in P with arbitrary heights. 

For this, it is suffices to consider hyperbolic caps C{1/H;R), with R arbitrary and putting the 
boundaries of all them on the plane P. 

Proposition 5.3.2. Let fl be a domain of a spacelike plane and € M. Let S = graph{u) be a 
graph with mean curvature H and bounded by dft. Then there exists a constant c = c{H,fl) such 
that \u\ < c{H,n). 
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Proof: Without loss of generality, we assume that 5 is a graph on the plane {z = 0} and that 
dS C P. Let _ff > be the mean curvature. Wc know that m < 0. We take a hyperbolic cap 
C{1/H;R), with the same mean curvature than S and orientation pointing upwards. We take R 
sufBciently big so that the boundary of C{l/H; R) lies included in P and that fl lies in the bounded 
domain determined by dC{l/H;R). 

By a translation, wc move downwards C{\/H\ R) so that it does not touch S. Now, wc move it up. 
Recall that the mean curvatures agree but not the boundary curves. Thus there is not a contact 
point unless that the hyperbolic cap returns its original position. This proves that the height of S 
is less than C(l/i?;i?). □ 

It is possible to obtain an estimate of the number c{H, Vl). Let ro = maxgn ^J -\- y^. Then we 
take R ^ 1 + ro and the constant is c es ^ R? — 1/ iJ ^ — \/H . 

We now study the a priori estimates. Set a = E^, = (0, 0, 1). We know that 

A (AT, a) = {AH^ + 2K){N, a). 

As the surface is a spacelike graph with the upwards orientation, then {N,a) < — 1. On the other 
hand, 4ff2 + 2K > 2H'^ > 0. Then A{N, a) < 0. This implies that 

{N, a) > min(7V, a), con {N,a) = -- ^ 



^yl-\Du\^ 
This means that 

max \Du\ = max \Du\ < 1 

In this moment we can continue in Euclidean language; in order to find a priori estimates, we 
have to find an upper bound c = c{H, O) of the slope of the surface with c{H, ft) < \/2/2. 

We have the next 

Theorem 5.3.3. If SI is a bounded, convex domain, then the Dirichlet problem has a solution (for 
any H). 

Proof: The proof is analogous to Theorem 5.2.2, but working with hyperbolic caps. Let e M 
and tq the number defined in that theorem. Let S = C{l/H: R) be a hyperbolic cap with dS C P 
and R> 1 + Tq. Let D C P he the domain that determines dS. Let R be sufficiently big so that 
D D Q and the circle dS can roll touching each point of dQ. This radius depends only on H and 
Q. 

We have proved that S lies in the domain bounded by S' U -D. By horizontal translations, we can 
carry S in such way that dS touches each point of dfl without to be tangent (by the maximum 
principle). Therefore, the slope of G is less than the one of C{l/H; R), which it is less than 
V2/2. □ 



5.4 Exercises 



1. Show that it is not possible to obtain an estimate of C° type depending only on H with the 
same reasoning as in the Proposition 5.2.1. 



5.4. EXERCISES 
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2. Let 5i and ^2 be two graphs in Euclidean space with constant mean curvature Hi and H2 

respectively (with upwards orientations in both surfaces). Let Si = graph(?ii) and assume 
that dSi = dS2. Then if Hi > H2, then ui < U2 in ^l. Find the corresponding Lorentzian 
version. 
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Chapter 6 

Lorentzian Riemann examples 



In this chapter we are going to show the spacclikc CMC surfaces of fohated by circles. As a 
particular case of this kind of surfaces are the surfaces of revolution. In contrast to what occurs in 
Euclidean space, in Minkowski space we have three types of rotational surfaces depending on the 
causal character of the axis of revolution. 

6.1 Introduction to the problem 

A way to obtain examples of surfaces with some condition on the mean curvature is to impose a 
shape to the surface. In this chapter we consider that the surface is rotational, that is, it is invariant 
by a group of rotations that leave pointwise fixed a straight-line of the space. This implies that 
the mean curvature equation is now an ordinary differential equation. Under appropriate initial 
conditions, there exists a such surface. 

In Euclidean space, and if H = (minimal surface), planes and catenoids are the only rotational 
surfaces with H = 0. The parametrization of the catenoid is (up isometries and homotheties) 

X{s, 6) = (cosh(s) cos(^), cosh(s) sin(^), s), 

where the ^;-axis is the axis of revolution. See figure 6.1. 

If one asks for minimal surfaces formed by a uniparametric family of circles in parallel planes, then 
there are other surfaces: they are the Riemann examples^. These surfaces are foliated by circles 
in parallel planes and in a discrete set of heights, the surface is asymptotic to horizontal planes. 
See figure 6.1 

Motivated by the Riemann examples, we generalize the notion of rotational surface. 

Definition 6.1.1. A surface in Euclidean space is called cyclic if it is formed by a uniparametric 
family of circles, that is, it is possible to locally parametrize as 

X{t, s) = c{t) + r(t)(cos(s)ei(t) + sin(s)e2(t)), 

^ All our pictures have been made by using Mathematica. The equations that describe such surfaces are analogous 
to the Lorentzian case and for this reason, we left to the reader the work to find them 



57 



58 



CHAPTER 6. LORENTZIAN RIEMANN EXAMPLES 




to. 5 

'o 

-0 . 5 



Figure 6.1: The catenoid and one Riemann example of E^. 

where c{t) G , r(t) > y {ei(i), e2(t)} are orthonormal vectors (all functions that appear are 
dijferentiable) . 

One can prove that if a minimal surface is fohated by circles, then these circles lie in parallel planes. 
Assume that H is constant, but H 0. Then 

Theorem 6.1.2. The only cyclic surfaces of iP with constant mean curvature H ^ are the 
surfaces of revolution. 

This means that " there are not Riemann examples when ff ^ 0" . Let us see that the planes of the 
foliation are parallel, but that any intersection of a sphere with a family of (non-parallel) planes 
are circles. 

We now consider the Minkowski space E^^. We pose the corresponding 

Problem. Find all cyclic CMC spacelike surfaces in Lorcntz-Minkowski space. 

See the paper [3] as a short survey about this problem. The same question can be posed for 
timelike surfaces. As we have pointed out at the beginning of this chapter, the difference with the 
Euclidean case is that the axis of revolution can be of three causal types. In Chapter 1 we have 
studied the group of isometrics that leave pointwise fixed a straight-line L (a group of boosts). 
Moreover, we have studied the orbit of a point that does not lie in the axis of revolution. With 
respect to an appropriate base {ei, 62, 63}, we have: 



1. if L is timelike, L —< 63 >, the group of boosts that leave fixed L is {Re', ^ G K} 

(cos 6 — sin 
sin 6* cos 6* 
1 

The circles write as 

a(s) = c + r(cos(s) ei + sin(s) 62), (6.1) 

with r ^ 0, c ^ L. 



6.2. THE PLANES OF THE FOLIATION ARE PARALLEL 
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2. If L =< e\ > is spacelike, the group is 



Re 



1 

cosh 9 sinh 9 
sinh 6 cosh 6 



The circles are 



a{s) 



c + r(sinhs 62 + coshs 63), 



(6.2) 



with r > and c ^ L. 



3. If L is lightlike, we consider L =< 62 + 63 >, with 63 a timelike vector. The group is 



Re 



( 




and the circles are 



a(s) = c + sei + — (62 + 63), 



(6.3) 



After an isometry of the ambient space Ef , and if we take the usual base, one has 



1. if L =< i?3 >, the circles are Euclidean circles in horizontal planes. 

2. ii L =< El >, the circles are hyperbolas in parallel planes to < i?2, -E3 >• 

3. if L =< E2+ E3>, the circles are parabolas in parallel planes to < Ei, E2 + Es > . 

Definition 6.1.3. A rotational surface of is a surface invariant by a group of rotations that 
leaves pointwise fixed a straight-line L. 

Our work plan is the following: 

1. Study cyclic CMC surfaces where the planes of the foliation are parallel. Show that the 
surface is rotational ov H = Q. 

2. Show that cyclic CMC surfaces are of the above kind. 

3. Study the rotational CMC surfaces. 

6.2 The planes of the foliation are parallel 

The main result that we obtain is the following 

Theorem 6.2.1. Let S be a spacelike surface foliated by circles in parallel planes. If the mean 
curvature H is constant, then 

1. If H ^0, the surface is rotational. 
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2. If H = 0, the surface is rotational or it belongs to the family of Riemann examples. 



By a " Riemann example" we mean a non-rotational cyclic surface with mean curvature H = and 
the circles lie in parallel planes. At certain heights, the surface has a singularity or it is asymptotic 
to a plane. 

The proof of Theorem must distinguish the kinds of circles. In order to show how is the reasoning, 
we only do the case that the foliation planes are spacelike (and the circles are Euclidean circles). 

We parametrize the surface as 



X{u,v) = {a + r cos{v) ,b + rsm{v),u), 



where a,b,r > are smooth functions of u. The curve u i — > {a{u) , b{u) , u) describes the centers 
of the circles. The fact that the surface is rotational is equivalent that the functions a and b are 
constant. 

We compute the mean curvature. From the Chapter 3, we know that H writes as 

2HW^/^ = E det(X„, X,,X,,) - 2F det(X„, X,, + G det(X„, X„ X„„) := P, (6.4) 
where W = EG — F^. We distinguish two cases: 



1. Case H 0. After a homothety, we assume that H = 1/2. Squaring equation (6.4), we 
obtain — P^ = 0. After a long computation^, this equation writes as a polynomial of 
type 

6 

An{u) cos{nv) + Bniu) siii(rw) = 0. (6.5) 

As the functions cos(nw) and sin(nu) are independent linear, the functions j4„ and must 
vanish. From = B5 = we obtain 

a'^ - 10a%'^ + 56'* = 0, 5a'* - Wa%'^ + b'^ = 0. 

Hence we deduce that a' = 6' = 0, that is, a and b are constant. This shows that the surface 
is rotational. In such case, and taking a = 6 = 0, the mean curvature satisfies the equation 

H -1 + '-'^ 



2r(-l + r'2)3/2- 

A picture of such surface for = 1 appears in figure 6.2. 

2. Case H = 0. Then P = gives a polynomial as (6.5), but only until n= 1. The coefficients 
Ai and Bi give 

2a'r' - ra" = 0, 2b'r' - rb" = 0. 
A first integration concludes that there exist constants c and d such that a' = cr^ y b' = dr'^. 



^We use Mathematica. 
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Figure 6.2: A rotational surface with H — 1. 

(a) If c = — 0, the surface is rotationaL The equation that describes this surface, named 
Lorentzian catenoid, is 

-l + r'2 -rr" = 0. 

This equation can integrate and, after homotheties, the solution is r(s) = sinh(s). 
Therefore, the Lorentzian catenoid parametrizes as 

X{s, e) = (sinh(s) cos(6l), sinh(s) sin(6l), s) 

and its picture can see in the figure 6.3. 




Figure 6.3: The Lorentzian catenoid. 

(b) If cd 7^ 0, the equation that satisfies r is 

_l + (c2+d2)r4 + r'2-rr" = 0. 

The solutions of this equation give the Riemann examples^. See figure 6.4. This surface 
appeared in the author's work: R. Lopez, Constant mean curvature hypersurfaces foli- 
ated by spheres. Differential Geometry and its Applications, 11 (1999), no. 3, 245-256. 
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Figure 6.4: Riemann examples in EJ. These surfaces are foliated by Euclidean circles in parallel 
horizontal planes. 

Finally, we remark that a similar work can do for surfaces foliated by hyperbolas and parabolas. In 
the case that the surface is foliated by hyperbolas, we have the corresponding Lorentzian catenoid 
and Riemann examples. See figure 6.5. 




Figure 6.5: A rotational surface with H — and foliated by hyperbolas. On the right, a Riemann 
example foliated by hyperbolas. 



6.3 The planes of the foUation are not parallel 

We now suppose that 5* is a spacelike surface foliated by circles in non-parallel planes. Let H be 
the value of the (constant) mean curvature. The reasonings for H = and H ^ are similar. If 
if = 0, we conclude that it is not possible this situation; if 7^ 0, we obtain that the surface must 
be a hyperbolic plane. We do the reasoning for surfaces foliated by spacelike planes. 



^Let us see that for initial conditions, for example, at s = 0, the value of W must be positive, since the surface 
is spacclike. In our case, this means (a' + r')^ > 1 



6.3. THE PLANES OF THE FOLIATION ARE NOT PARALLEL 
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Let n = Yl{u) be the planes of the foliation parametrized by the parameter u. Suppose that the 

planes arc not parallel. We consider the curve F = T(u) orthogonal to each plane 11 where u 
denotes the length-arc parameter of T. Let k be the curvature of F. Because F is not a straight-line, 
K^O (our reasoning is local). Let T be the tangent vector of F. Then T is timelike and the Prenet 
equations of F are 

T' = kN 

N' = kT + o-B 

B' = -(tN 

The surface can parametrize as 

X{u,v) = c + r(cost; N + sinv B), 

where r = r{u) > and c{u) are differentiable functions. The curve c = c{u) is the curve that 
describes the centers of circles. We write 



c' = aT + /3N + 7B, (6.6) 

where a, (3 and 7 are smooth functions on u. We compute again W and P and we distinguish the 
cases H = Q and H ^ 0. Assume that H ^ 0. After a homothety, we assume that H = 1/2 and 
that P^ — = 0. The expressions of P and W are now a polynomial on cosnv,smnv. Exactly, 



12 

p2 - W'^ = ^ ^Ai{u) cos{nv) + Bi{u) s\n{nv) = 0. 

i=0 



The computation of the coefficients is very hard, being necessary the use of a symbolic programme 
as Mathematica. 

By the amount of computations and cases, we are not going to do the complete reasoning. We 
point out that the contradiction arrives when one conclude that k = or that W = EG — F"^ = 0. 
In order to show how one obtain hyperbolic planes, we explicit what happens in this situation. In 
general, the coefficient B12 is 



B 



12 



2048 

Thus T = 0, that is, the curve of the circle centers is a planar curve. 

From now, the next coefficients vanish until that n = 6. From Bq = 0, we have some possibilities. 
We analyze one of then and that corresponds with 

7 = y = K^(4 + r^). 

Now B5 yields 



B5 = «V(a--=_ =0. 

V4 + r2/ 



Then a = rr' /y/4 + r^. Hence, the equation — = is trivial. With the values of a, (3 and 
7, the derivative of the center curve c is: 



c' = 



rr 



=T + k^/A + r^N = (V4 + r2T)'. 
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This expression can integrate, obtaining that there is cq e M^, such that 



c = Co + \/4 + r^T. 
The expression of the parametrization X{u, v) of the surface writes now as 



X{u, v) = co + VT+r^T + r cos(i))N + r sin(t;)B. 

Hence we deduce 

{X-co,X-co)=-i, 
that is, it is a hyperboUc plane with mean curvature H = 1/2. 



6.4 Exercises 

1. Find the equations that describe the Riemann examples in Euclidean space. 

2. Find the equations that describe the rotational (spacelike and timelike) surfaces with constant 
mean curvature. 
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Cauchy-Schwarz inequality, 7 
circle, 13, 25 
comparison principle, 42 
continuity method, 51 
curvature, 21 
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Jacobi operator, 51 

Laplacian, 44 
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immersion, 30 
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vector, 2 
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Lorentz-Minkowski space, 1 
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Lorentzian metric, 1 

mate curve, 27 
maximum principle, 43 
mean curvature, 33 
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parabola, 13, 25 
principal curvatures. 33 
pseudo parametrization, 20 
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Riemann examples, 60, 62 

second fundamental form, 33 
spacelikc 
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special Lorentz group, 10 
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tangent point, 42 
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timelike 
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umbilical point, 36 
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volume functional, 40 



Weingarten endomorphism. 



